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1 BBepeHue

[{ens Kypca — AaTh MOYYBCTBOBATh KaK M3 «IEPBBIX MPUHIIMIIOB» MOKET ObITH OOBICHEH

3¢ (HEeKT CBEPXIPOBOIUMOCTH. XOTsI, B CUITY HICTOPHUUSCKUX MPUYHH, ITOT KypC HE SIBISICTCS
ocHOBHBIM 17151 P® u BIIIOII® HHI'Y u unraercs, B OCHOBHOM, JJisi OOILIETO pa3BUTHUS U
CTYJCHTOB HAMEPEBAIOIIUXCS MTPOJI0JDKATH CBOIO HAYYHYIO JIESTSIIBHOCTD B 001aCTH (QU3HKU
CBEPXITPOBOJTHUKOB. MaTtepuall, MpeICTaBICHHbBIN B 3TOM KHUT'€ HECKOJIBKO PacIIMpeH, Mo

CPaBHEHHMIO CO CTAaHJAPTHBIM KypcoOM JIeKIHH. [Ipr MoATrOTOBKE K CTaHAAPTHOMY 3K3aMEHY
MOKHO OMyCTUTh yHKTH 5.4.2, 5.4.4, 6.1.1,6.1.4, 7.7, 7.8,7.9, 7.11.

1.1 Jlumepamypa

Kypc 6a3upyercs Ha cneayrommux KHUTrax.

P. ®eitaman, Cratuctuueckas mexanuka, «Mup», Mocksa,1978r.

A.A. AbpuxocoB, OcHOBBI Teopun MeTamioB, Mocksa, «Hayka», 1987r.

B.B. lllmuar, Beenenue B pusnky cBepXrnpoBoAHMKOB, M3naTensctBo MockoBckoro L{eHnTpa
HeTpepbIBHOTO MateMaTrueckoro oopazosanusi, 2000r.

IT ne-2Ken, CBepXmpoBOIMMOCTh METAJIOB | CIIaBOB, M3maTenbcTBo «Mup», Mocksa,1968r.

1.2 Kpamkoe u3sioxeHue OCHOBHbIX 3KCnepuMeHmasibHbIX ¢haKkmos.

OOpareHre COMpOTUBIICHUS B HOJIb, aHOMAJIUU TETUIOEMKOCTH M TETIOTIPOBOIHOCTH,
n3oronuueckuit ahdexr.

1.3 Kpamkoe u3sioxxeHue KBaHmMoeoU MexaHUKU 0OHOU Yacmuubl
DneMeHTapHasi KBaHTOBasi MexaHuka B popmynupoBke lllpeaunrepa onepupyer ¢ BOJHOBOMN
¢byHKIMEH, KOTOpas B ClIydae OJHOTO 3JICKTPOHA 3aBUCHUT OT JIBYX NEPEMEHHBIX, OJTHON
BEKTOPHOM HENPEPBIBHON NMEPEMEHHOM — paJuyCc-BEKTOPa IEKTPOHA I M APYTOU, TUCKPETHOMN
CIIMHOBOM MepeMeHHOH S, MpUHUMalomiel 23HaueHusl. DakTHYeCKH 3TO JIBE KOMILUICKCHBIE

.
(GYHKIIMM KOOPAMHAT —IBYXKOMIIOHEHTHBINA CIIMHOP -(l,[/1 (r ) W, (r )) , KOTOPYIO MBI MOKEM
0003HaYUTh KaK QYHKLUIO {J (r) =Y (r ,S) , 3aBUCSILYIO OT HENPEPBIBHBIX U JTUCKPETHBIX
MEepeMEeHHbIX. JTa GYHKLHS UMEET CMBICT aMIUTUTY/Abl BEPOSITHOCTH, BETUYUHBI, TIOHUMaeMON

. 2 (V3
B CMBICJIC, YTO €C KBaApaT MOIYJIA ‘l//s (r )‘ JAacCT IJIOTHOCTB BEPOATHOCTH HCIIPCPBIBHOU

2
BEJIMYUHBI [, ¥ BEPOATHOCTb JUCKPETHOM BeNUUMHbI S. Tak, HanpuMmep, “/’1(r)‘ eCcThb
BEPOSITHOCTD SJIEKTPOHY UMETh MPOEKIHIO CriHa +1/ 2 Ha HEKOTOPYIO OCh Z W HAXOIUTCS C
2 3 o 2
BEPOSITHOCTBIO ‘l//l(r )‘ d°r B OKpECTHOCTH TOYKH C KOOPAWHATOM I ,‘l,l/2 (r )‘ nMeeT
aHAJIOTHYHBII CMBICIT [Tl YaCTHIIBI C TIpoekuueii cnnaa —1/2 . [oatoMy, 0YeHb 4acTo, BMECTO
unzexcos (1,2) npumensior, 6o (+1/2), mGo (T , l) :

Jl51g ToT0, 4TOOBI BBIYMCIUTH paciipe/ielieHne Kakoi 1ubo Apyroil pu3nueckoi BeIUUNHbI
YacTHULIbI, HAIPUMEP MPOEKLUH UMITYJIbCa UM OPOMTATIbLHOTO MOMEHTA, UM Kakoi HUOY b
MPOCKINH CIIUHA, HEOOX0AMMO HaTH COOCTBEHHBIC (DYHKIIMU OTIepaTOpa COOTBETCTBYIOIICH
(hbU3UYECKON BETUUMHBI.



Haubounee o6muii BUI IMHEHHOTO oniepaTopa JAeHCTBYIOMEro Ha (YHKUUIO JUCKPETHBIX U
HETIPEPBIBHBIX MIEPEMEHHBIX

¢(r,s):( )r s ZjAr Sto.s )yl ,.s)dr,

YTO TOBOPUT O TOM, YTO HA JUCKPETHBIE IIEPEMEHHBIC OH JACMCTBYET KaK MaTpula, a Ha
HEeNpepbIBHBIC — KaK MHTETpajIbHbII oneparop. Kax ol puznyeckoil BeMnunHe COOTBETCTBYET
oTepaTop, COOCTBEHHbIE 3HAUEHMSI KOTOPOTO SIBJISIFOTCSI BO3MOYKHBIMM 3HAUCHUSIMU
COOTBETCTBYIOLIEH (pru3rueckoil BenMMurHbI. OTMETUM Ba)kKHBIE TPUMEPBI:

* EAMHUYHOIO OllepaTopa

( )rs Zjd ofr )y . )d

*  YHUCTO KOOpI[I/IHaTHOFO omeparopa

(M/) jd Arr,)yt ,.s)d,

* M YHCTO CIIMHOBOTO OIEpaTopa
(N//)(r,s) = ijk,sid(r )@ s)dr
S

PaccmoTpum npumep, 4To HaM HE0OXOJUMO HAUTH CTATUCTUKY HEKOTOPOH (pU3nYECKOM
BEJIMYMHBI A, COOTBETCTBYIOLIYIO oniepaTopy /\. PaccMoTpuM 3a1auy Ha HaXOKICHHUE

COOCTBEHHBIX QYHKUUHI ¢, (r , S) 1 COOCTBEHHBIX umncen A

A, (r,s)=Ay,(r.s).
Pemus OTYy 3aaa4y, MbI HaﬁﬂeM MHOKECTBO COOCTBEHHBIX YHUCCJI, HA3bIBACMOT'O CIICKTPOM

omeparopa /\ M COOTBETCTBYIOUIMX UM COOCTBEHHBIX (QYHKINN. CIIEKTp COOCTBEHHBIX YUCET
MOJKET OBITh KaK IUCKPETHBIM, TaK U HEMPEPbIBHBIM. Pa3okuM qaHHOE HaM COCTOSIHHE

Y (r ) S) 110 COOCTBEHHBIM (YHKLHUAM Y, (r S) oreparopa A
w(r,s) jdAc ), (r,s)+ Z (A, .s)
U roraa ko3¢hGULNEHTHI C(/l ) OyAyT aMIUTUTylaMH BEPOSITHOCTH BEIMYUH A B TOM Ke

2
CMBICJIC, UTO U paHbLIC, 4 UMCHHO ‘C(/] )‘ 6YI[€T IJIOTHOCTBIO BEPOATHOCTH BCIIMYNH A , €CJIIM

OHa HeTpepbIBHA WK BEPOSITHOCTHIO, €CITU OHA TUcKpeTHa. KoadpuimeHTs! pa3nosxeHus
HaXOAATCS U3 YCIIOBHs COTJIACOBAHHOCTH Pa3JI0KEHUN

:Zs:'[wj(r,s)w(r ,s)d’r (1.1)

OTkyJna cienyroT ycaoBHsI HOPMUPOBKU COOCTBEHHBIX (DYHKIMNA AMCKPETHOTO

S |wi(r.s)w, r.s)dr =3,,, (1.2)
¥ HETIPEPBHIBHOTO CIIEKTPOB
Y@ (r.s)w, (r.s)dr =5(A-A,). (1.3)
N3 Tex xe ycraoBuid cOrIacOBAaHHOCTH MOKHO TMOJYYHUTh BBIPKEHUE [T sifjpa onepatopa /\
A(rsir,s) =D A, (rus) ¢, (r.s) +J-l//; (rus)w,  ,s)dA, (1.4)
A

rjae cymma Oepercst o TMCKPETHOMY CIIEKTPY, @ UHTErpall, 0 HENPEpbIBHOMY. 3aMETHM, YTO BO
BCEX 3TUX PACCYXICHUSIX IBHO MUCMOJIb30BAINCh KOOpAMHATA U CIMHOBAsI IepeMEHHAas YaCTHIIbI.
Jlpyrumu clioBaMH, B JaHHOM CIIydae MbI SIBHO MCIIOJIb30BaIM KOHKpETHOE (KOOpIMHATHOE)



MMpEaACTaBJICHHUC. DTOT S3BIK CO3aacT OMPEACICHHBIC CJIOKHOCTHU IPHU IMEPEXOJEC K
KBAHTOBOMCXaHWYCCKOMY OIMMCAHWIO MHOTOYACTUYHBIX CUCTEM, C KOTOPbIMU Mbl UMCCM ICJIO B
npupoae. )Ieno B IPUHOUIIC HCPASTTUUUMOCTHU TOKACCTBCHHBIX YaCTHUII.

1.3.1 Mpob6nema Hepa3NMUIUMOCTH YacTUL

OG603Ha4YMM BCIO COBOKYITHOCTh KOOPANHAT ¥ CIIMHOBBIX MEPEMEHHBIX OJTHOM YaCTHUIIbI

& =(r,s) u paccMoTpuM BOTHOBYIO (GYHKIMIO ABYX 0AMHAKOBBIX YacTull (&, &,).
IToxBepraem 4yacTuiibl iepectaHoBke 1= 2. ITocKoJIbKY YaCTHIBI TOXK/ICCTBEHHBI, HOBasI
dynxuns ¢ (&,,&) =exp{ia} @ (&,.€,) ormuaercs Tonbko (asoit ot crapoit. Ecim Mbr

IOBTOPUM NPOLEAYPY NIEPECTAHOBKU €ILE Pa3 MbI IPUAEM K TOXKIECTBY
w(6.6) =explia} (6,6 = exi{ 20)0/(6,8,)

Otkyna OyaeT cienoBath exp{ Za} = Jumm exp{ ia’} =+ 1. Takum o6pa3oM BO3MOKHBI TOJIBKO

IBa BUJA QYHKIUI, CHMMETPUYHBIE OTHOCUTEIILHO MEPECTAaHOBOK YaCTHIL, U
aHTHUCUMMETpUYHbIe. YacTUIbl IEPBOTO THUIIA C CAMMETPUYHBIMU BOJTHOBBIMU (DYHKLUSAMU
Ha3bIBalOTCA 0030HAMM, C aHTUCUMMETPUYHBIMH — (hepMHOHaMH. B persiTHBUCTCKON KBaHTOBOM
TEOPUH J0Ka3bIBACTCA TEOPEMA O CBA3M CIIMHA U CTAaTUCTUKHU, YTBEPKAAIOUICH, UTO YaCTHULIBI C
LEJIBIMHU CTUHAMU SIBJISIFOTCS 0030HAMH, a ¢ TIOJIYLeNIbIMUA CIIMHAMU- pepMuoHamu. Eciu ecTh

JIBE€ HEB3AUMOAEUCTBYION[ME YacTUIbl (1, 2) B cocTOsTHUS , TO, € TUHCTBECHHO
1 2

(bU3MUECKUMHU COCTOSIHUSIMU OYyAYT MO0 CUMMETpUUYECKUE, IN00 aHTUCUMMETPUYECKUE
KOMOMHaAIMN

W, :%[wl(a)wz(sz)wl(sz)wz(a)]

®epMHOHHAs KOMOUHALUSA CO 3HaKOM(—) npeacTaBisieT co0oil onpenenuTesb, Ha3bIBaeMbIi

onpenenureneM CidTepa. AHAIOTHYHAS CHMMETPUYHAsE 0030HHAsE KOMOWHAIWSI HOCUT Ha3BaHUE
nepMaHeHT. M3 3Toro mpocToro paccykKIeHHUsICIeAyeT, YTO HOMEpa YacTHIl HE UMEIOT
(DM3HYECKOTO CMBICTIA, & BCE PE3YJIbTATHI, MOTYYCHHBIC B TIPEATNOI0KECHUHN Pa3TUIUMOCTH
YaCTHII, JOJDKHBI OBITh CHMMETPU30BAHBI 110 0030HAM M aHTUCUMMETPHU30BaHBI 110 PepMUOHAM.
Bo3HuKaeT ecTecTBEHHOE KETaHWe MPUIyMaTh MaTeMaTHYECKHIA armapar, B KOTOpOM BOOOIIe
OTCYTCTBYET Camo MOHATHE HOMEpa YacTHIl, Kak Hepuzndeckoe. Takoi anmapat ObuT
paspabotan B 1926rony M.bopHom u 3. MopaanoM. Ero Mbl U37105KUM HECKOJIBKO TIO3/IHEE, a
ceivac s Bac O3HAKOMITIO ¢ 0003HaYeHHUsIMH [upaka, 04eHb yIOOHBIMU B KBAHTOBOW MEXaHHUKE.

1.3.2 O6o03Ha4eHusa [Jupaka

B 10 ke Bpemsi BbIMCaHHbIE HAMU ITPaBUJIa CBUACTENBCTBYIOT, YTO (DYHKIIUH, C KOTOPBIMH MbI
UMeeM JIe10, UMEIOT BCe CBOMCTBA BEKTOPOB U NIPHUHAJIEKAT BEKTOPHOMY IPOCTpaHCTBY. [lupak
MPEII0KUI pacCMaTpUBaTh aOCTPAKTHBIE BEKTOPA-COCTOSIHUS O€30THOCUTEIIBHO K
IPEJICTaBICHUIO, TOJOOHO TOMY KaK B TPEXMEPHOM MPOCTPAHCTBE Mbl MO’KEM OTHOCUTCS K
BEKTOPY &, Kak K a0CTpaKTHOMY 00OBEKTY —1aJIKe CO CTPEJIKOM, a MO’KEM CUUTATh, YTO 3TO

COBOKYITHOCTb TPEX KOMIIOHEHT {ax ,a,, az} , TpeoOpazyrouiasicsi Npyu NOBOPOTE CUCTEMBbI

KOOpAMHAT KaK KOMIIOHEHTBI pajinyca BEKTopa {X, Y, Z} .

[Tpexne Bcero n3noxuMm ob6o3HaueHus Jupaka.
Paccmotpum Beipaxkenue st koddduiienra pasnoxkenus GpyHkuuu () mo coOCTBEHHBIM

¢dynkumsm orepatopa A /, (1.1)Ecim oTHecTHCh K BOTHOBBIM (QYHKIUSM KaK K BEKTOPaM, TO

3TOT K03 dULMEHT npeacTaBisieT co0oil ckalsipHOe MpousBeaeHue. [ ckansipHoro
MIPOU3BEACHHUSI UCIIOJIb3YIOTCS CIIEAYIOLINE COKpallleHHbIe 0003HAaYECHHUSI



e s)dr=c(2)=(w,0) =)

HOCJ’IGI{HGG BBIPAXKCHUC OBLII0 MMPCIJIOKCHO [[I/IpaKOM, NpeaAbIAYHICC BBIPA)KCHHUEC YaCTO
HCIIOJIB3YCTCA B KHMIKKAX IO (i)YHKI_II/IOHaHBHOMy aHaJIn3y. I/ITaK, HECKOJIBKO OHPGHGHGHHﬁ.

CkaJsipHO€ MPOU3BEICHUE IBYX QYHKIUN @ (X) N/ (X) OTIpeIeNsieTCsl KaK

(pw)=[¢ (xp(x)ax=(gw).
MOCJIeAHEE BBIPAKEHNE CUMBOJU3UPYET, YTO YTIIOBbIE CKOOKU [[Mpaka )KUBYT CaMOCTOSITETbHON

YKM3HBIO, OHM IIPEICTABIIIOT a0CTPAaKTHBIE BEKTOpa. Bee ckalsipHOe MpOM3BEIEHNE HAa3bIBACTCS
ckoOkoit JTupaka —bracketJleBbiit BekTop <¢| Ha3bIBaCTCs Dra-BekTopoMm, MpaBbiii BEKTOP |l//> -

HasbiBaeTcs Ket -Bekropom. CkansipHoe npousBesieHue oopasyer bracket.Beenenue
aOCTPaKTHBIX JICBBIX M MPABBIX BEKTOPOB CHIILHO YIPOLIAET 3aMUCh Pa3JIOKCHUN U
npeoOpa3oBaHMii BEKTOPOB.

PaccmoTpuM yxe u3ydeHHbIH HaMH KO3 PULIHEHT

2wy (rs)dr=c(d)= (v, 0) =@ )

MPECTABISIONINN aMIUTUTYLY BEPOSITHOCTH BETMYUHBI A B COCTOSIHUU (Y WM JPYTUMH

CJIOBaMH BOJTHOBYIO (PYHKIHIO (/ B A TpencTaBlieHUn (I (/l) . Ecu Mb1 0603Ha4MM JIeBBIT

COOCTBEHHBII BEKTOP OIeparopa <l// g | NPOCTO Kak </l | MBI TIOJTYYUM BbIpaXKeHUE Y/ (/l) = </l |l//>,

yCTaHABJIMBAIOIIIEE CBSI3b MEX1Y OOBIYHBIM 0003HaUeHHEeM U JlupakoBckuM. Takum oOpazom,
BOJIHOBaAsI QyHKIIMSI B KOOPAMHATHOM TipejcTaBieHuu Y/ (r) = <r |l//>, a B UMITYJIbCHOM

k) ={Kly).
TakuM 06pa3oM MMeeM CIIeIyIOLIHi I3bIK:
. |/l> - COCTOSTHHUE C OTPE/ICICHHBIM KBAHTOBBIM YHCIIOM A , MM IPOCTO COBCTBEHHOE

COCTOSIHUE OllepaTopa A, COOTBETCTBYIOIIEE COOCTBEHHOMY YHCITy A, @ IMCHHO,
A|2)=A12)

* BonnoBas GyHums l//(/l) = </l |l//>

* HopwmupoBka coOCTBEHHBIX (YHKIHI JUCKPETHOTO M HETIPEPBHIBHOTO CIEKTPa

</l |/11> =0, </l |/Il> = 5(/1 —/11) ananor (1.2)u (1.3)
*  Bripaxenue ans abCTpakTHOTO OINEpaTopa, A= 2/1 |/1></1 | anasor (1.4)
A

e YacTHblii ciiyyall eAMHUYHOTO omneparopa 1= Z|/1></1 | EnuHcTBEHHOE 3aMeuaHne K
A

nocaeHuM GOpPMyIaM, 4To, CTPOrO TOBOPS, OHHU CIIPABELTUBEI Il TUCKPETHOTO
CIIEKTpa, HO yTeM PACIIMPEHHs IOHSATHS CYMMHUPOBAHKS OHH Jerko 0000IIaroTCsa Ha
HETIPBIBHBIN
* Ilepexos OT OJHOTO MPEICTABIEHHUS OCYIIECTBISAETCS MyTeM BCTAaBKK €IMHUYHOTO
oneparopa |(/)= Y [k)}{k |}, B r npencrasnennu (r|)=> (r k )k |¢) 1o mpocto
k k
npeo6pazosanue Dypbe NP NPaBUILHON HOPMUPOBKE

o +
* IIpaBble u JIeBbIE BEKTOPA CBSI3aHbI IIPOLIEAYPON S3PMUTOBA CONPSIKEHUS |t//> = <t// | , UTO

Ha MaTPUYHOM s3bIKe 0003HAYaeT, YTO MPaBblii BEKTOP €CTh CTONOEL, a JIeBbIA —
KOMIIJIEKCHO COMPS)KEHHAs CTPOKa.



*  Omnpeaensercs 3pMUTOBO COTPSKEHHBIN OTIEPATOP, TAKOU, YTO IS JIFOOBIX IBYX
BEKTOPOB (¢, ,8{//) = (A+¢,l//) nay Ha JIMpakoBCKOM SI3BIKE <¢| :3{//> = <¢/A+
|l,[/>+ =(; (A|l,[/>)+ = (| A" . 1o MHAYKIMH JIETKO 0KA3aTh, 4TO (AB)+ =B'A"

¢> , OTCIO/IA

e Omneparopsl A= A" Ha3LIBAIOTCS CAMOCONPSHKEHHBIMU MM SPMUTOBLIMH.
e OmnepaTopbl PU3UIECKUX BEITHMUYNH CAMOCOTIPSKEHBI U UX COOCTBEHHBIC 3HAUCHUS
JNEeNUCTBUTENbHBL. J[eMCTBUTENBHO, PACCMOTPUM 33/1a4l Ha COOCTBEHHBIC 3HAUCHUS

AAY= AN (A[A =(A]A")

JloMHOkasi TepBOE ypaBHEHUE Ha JIEBbI COOCTBEHHBIE BEKTOP, @ BTOPOE - Ha MPaBblii, MbI

A= (-2 )l

OTKy/a, IpH YCIOBHU CaMOCOTIPSHKEHHOCTH omeparopa A= A", cienyeT JeliCTBUTENLHOCTE

HOJTY4YUM

(A[AlA)=(A[A

COOCTBEHHBIX 3HAUYCHUIA.

e CoOCTBEHHBIE COCTOSHHMS apMI/ITOBa oreparopa, COOTBETCTBYIOIIUC Pa3HbIM
COOCTBEHHBIM 3HAUCHUSIM — OpTOTOHAJIbHBI. OTO TOXKE MPAKTUYCCKU OYCBUAHO. Nmeem
JIBC 3aJla4M Ha COOCTBEHHBIC 3HAUCHMS JUIL SPMHUTOBOIO Oorcparopa

Alm)=A,|m); (n|A=(n|A,,
JloMHOXasi TepBoe Ha <n| , @ IpaBoe Ha |m> nomyanm 0= (A, —/In)<m| n>, YTO JI0Ka3bIBaET

YTBEPKJICHUE.
Takxum obpaszom, [Jupak chopmyupoBan KBAaHTOBYIO MEXaHUKY Ha SI3bIKE a0CTPAKTHBIX
BEKTOPOB U oriepaTopoB. Mcrosib3yem 3Ty GOpMYIUPOBKY IS JAIbHEUIIIETO.

2 OnepaTopbl POXAEHUA U YHUUTOXEHUS.

2.1 [lMpumep. 3adavya 0 2apMOHUYE€CKOM Oocyussissimope.
B 6espasmepnnix nepemennbix & = X/|, € = E/hiw 3ana4a 0 rapMOHMHECKOM OCIIILIATOpE

NPUBOJMUT K 3a1a4€C Ha COOCTBEHHBIC 3HAUCHMUS JJIA raMUJIbTOHHaHa

HePre
2
IJie ONepaTopPbl UMIYIIbCA U KOOPAMHATHI YIOBICTBOPSIOT KOMMYTAIIHOHHBIM COOTHOIIICHHUSIM
: ata’ a-a’
pé —¢&p =-i. BBeneM HEIPMUTOBHI OTIEPATOPhl & = N &= e C KOMMYTaIIMOHHBIMHU

COOTHOILICHUAMU aa+ - a+a =1 ", TOra Halll raMUJIbTOHUAH MEPCITUIICTCS B BUAC

H =a'a+1/2, a3anaya Ha cOOCTBEHHBIEC 3HAYCHHMS JUTS HALIETO TAMUIBTOHHAHA IPUMET BHJL
a'ala)=ala) (2.1)

e E=a+1/2.

e JlokaxeMm, uto @ = 0. JJomuoxkus (2.1)cieBa Ha <a’| , TIOJTy9rM <a|a+a|a> = a’<a’|a’> ,
OTKy/1a ‘a|a>‘2 = aHa}‘z naz0
* Jlomuoxum (2.1)Ha a. Mcnonb30BaB KOMMYTAIIMOHHBIC COOTHOILICHHS, MbI TTOJTY4YUM
a'aala)=(a-1)a|a),



4qTo a| a’> ~ |a’ —1> SIBJISICTCSI COOCTBCHHBIM BCKTOPOM IraMUJIbTOHHMAaHa, COOTBCTCTBYIOIIUM

coOcTBeHHOMY 3HaueHHI0 @ —1. [loaToMy, ecTeCTBEHHO Ha3BaTh OMepaTop a, OlepaTropoM
YHUYTOKECHHSI WJIA TOHMKAOLUM.
e Tenepb noMHOKHUM (2.1)Ha @" W ONATH UCTIOJIB3YEM KOMMYTAIIHOHHBIE COOTHOIIECHHUSI.
MBI nostyunm
a‘aa’

a)=(a+1)a’

a),
uro a° |a > ~ |a +1> SBIISICTCSI COOCTBEHHBIM BEKTOPOM raMHJIbTOHHAHA, COOTBETCTBYIOIINM

coOCTBEHHOMY 3Ha4YeHHI0 & +1. [To3TOMy, eCTECTBEHHO Ha3BaTh OlepaTop & , OrepaTropoM
POKJIEHUS WM NOBBILIAOIINM
* Kak cOBMECTUTb MOJ0KHUTEIBHOCTh & C BO3MOKHOCTbIO HEOIPAaHUYEHHOTO
YMEHbILIEHUS @ MyTEeM HEOTrpaHUUYEHHOTO MPUMEHEHHUs OTIepaTopa YHUUTOXKEHUSI.

EI[I/IHCTBCHHaS[ BO3MOKHOCTB, UTO & =N, IZI¢ N-1ICJI0¢, U CYIIECCTBYET MMHHUMAJIBHOC

3HaueHue N =0, Tak YTO yJOBJIETBOPSIETCS ypaBHEHUE a| 0> = 0. PemuB 310 ypaBHEHHUE

MBI HaliJIeM OCHOBHOE, WJIM BaKYyMHOE COCTOSTHUE.

e Jlanee, IpUMEHss MOCIIEN0BATEILHO MOBBILAONIMIA oniepaTtop a°, MbI HaiigeM Bce
BBICIIHUEC COCTOSHUAA.

e 3anuiuieM KBaJpaTUIHYIO POpMYy <n|a+a| n> = n<n| n> Y YYUTBIBAsS, YTO

n —]} ,

BbIOMpast (hazy MaTPUYHOTO JIEMEHTA HYJIEBOH, HAlIeM SIBHBIC BHIPAKCHHUS MATPUYHBIX

9JICMCHTOB
n-1=+vnh

L4 I/I SABHBIC BI)Ipa)KeHI/Iﬂ JJI BBICIINUX CO6CTBGHHI>IX BeKTOpOB
1 n
n)=—(a")"[0)
Jn!

Taxum 00pa3oM, HaM YIanoCh MOJHOCTIO PEIINTD 33/1ady Ha SI3bIKE OmepaTopoB a,a’
HAY4YUTHCS TUCATh BBIPAKEHUS [T BOJHOBBIX (DYHKIIMIA U ONIEPAaTOPOB JTHOOBIX (PU3UUECKUX
BEJIMYMH.

Ceifyac MBI TIPOBEIECM MOAO0HYIO TPOTPAMMY JUTSl OTIMCAHUS B3aMMOICHCTBYIONTUX (hepPMHUOHOB
1 6030HOB, COCTABIIIOLIUX TBEPIOE TEIIO.

Hanbiue uznoxenue ciaeayer kuure I'. Jlunkuna «KBaHTOBass MEXaHUK»

—_ +
CAMHCTBCHHBIM HCHYJICBBIM MATPHUYHBIM 3JICMCHTOM <n _1| a| n> - <n| a

(n-1fa]n) = (nfa’

2.2 BaKyyMmHble u o0OHO4Yacmu4Hble COCMOSIHUS
OnpenenuM HopManbHO BaKyyMHOE, HONb-4aCTHUHOE COCTOSIHHE, HAMHHU3IIIEE COCTOSHUE, He
coziepiKaliee HU 01O YacThLEl M 0603HaunM ero |0) = |vac) . ITycTs oaHOYaCTHUHOE

COCTOSHHUC IOJIYHACTCs U3 BAKYYMHOT'O ITyTEM HeﬁCTBHﬂ OJHOYAaCTHYHOTI'O COCTOSSHHUH
oreparopa, KOTOpBIﬁ UMECT KBAHTOBBIC UHCJIa OJHOYACTHYHOI'O COCTOSAHHA B KAUCCTBC
1apaMETpoOB. ByneM CUUTAaTb, YTO YacCTUlla B IIPaBOM COCTOSAHHH C OIMMPCACICHHBIM UMITYJIbLCOM

Y CIIUHOM |k , S> POXKIAeTCsl IMyTeM JSHCTBUI OTlepaTopa @, ( Ha BAKYYMHOE COCTOSIHHE

k,s)=a;,|0) (2.2)

U nonpoOyeM OMpeAeIuTh alnredpy 3TUX ONEPaTOPOB , YTOOBI 0OECIIEUUTH TPABUIIbHBIC

CBOMCTBA CUMMETPUU (PEPMUOHHBIX U OO30HHBIX BOJIHOBBIX (PYHKIIMMA.



CocrosiHME ¢ APYTUMU KBaHTOBBIMM YMCIIaMU, HAIpUMEDP, € ONpPeAeICHHOW KOOpAUHATON 1
CIIMHOM POXKIAETCs OIIEPaTOPOM

|x,s)=a;|0) (2.3)

B xHure Jlannay nst onepatopoB pOXKIACHUS U YHUUTOKEHUS YaCTHIL] C 3aJaHHOW KOOPAUHATOU

ucnonb3yeTes creunanbHoe obosnauenne W (x)=a;; W, (x)=a,, unassanne W -

OTIEPATOPHI.
Boo06uie, onepatop poxACHUS MOXKET POKIAaTh YAaCTHUILY B JIIOOOM aOCTPaKTHOM COCTOSIHUU
||> =a’ 0> . 31ech UHACKC | COMEP)KUT BCe KBAHTOBBIC YKC/Ia YacTHUIIBI | ={ k,S} ={x, 8, ato

MOXKCT 6BITB KOOpI[I/IHaTa " CIINH, I/IMHYHBC U CIIUH, Op6I/ITaHBHbII71 MOMCHT U CIIMH 1 BCC TOMy
Mo06HOE. 3aIuIIeM JEBOE OJHOYACTHIHOE COCTOSIHUE <I | = <O|a1 . EcrecTBeHHO

OpCANOJIOXKUTE, UYTO OJHOYACTUYHBIC COCTOSAHWA OPTOTOHAJIbHbBI BAKYYMHBIM,
(of1)=0=(qa’[9: (I[9=10=(0a| (2.4)

PaccMoTpuM ckansipHOE IPOM3BEACHUE JIBYX OJJHOUYACTUYHBIX COCTOSIHUI (Mpeamnoiaraem

crekTp | IMCKpEeTHBIM), M 3alUChIBasl €ro Yepe3 OnepaTophl a, a’, MOJIyYUM.
(L[)=4a,=(0]aa"|0) (2.5)

[TocMoTpuM Ha 3TO BBIpa)KeHUE, TENEPb TAKMM 00pa3oM, 4To 0ba oneparopa JeiCTBYIOT

Hanpaso. [Ipu eficTBHE TIEPBOTO oTiepaTopa 8, |0> MOJTy4aeTCsl OJTHOYACTUUHOE COCTOSIHUE,
1ocJIe JeMCTBUSI BTOPOTO a11a1+ |0> MOJTy4YaeTCsl COCTOSIHUE HEOPTOrOHaNbHOE JeBoMy 0-
YaCTUYHOMY, UTO 3HAYMT, YTO OHO CaMO €CTh IIPaBOE HYJIb-UaCTUYHOE COCTOSIHUE a11a1+ |0> A

9TO 3HAYUT, UTO ONcpaTop a‘ npu I[Gf/iCTBHH HaIlpaBo YMCHbBIIACT YUCJIO 3allOJIHCHUA COCTOSHUS

Ha eIMHUILY U MIPAET POJIb OIIEPATOPa YHUUTOKEHHs. ECTECTBEHHO NPEAIONIOKHUTE, YTO TIPH
JENCTBUM HAa BAKYYMHOE COCTOSIHUE oreparop yHuuToxedus aaet 0. Takum 06pazoM Mbl
IPHIIUTA K CIIETYOIMM BBIBOIaM

0> = 5|1,|

a(0)=0, aa’ 0. (2.6)

[TepBoe U3 3TUX BBIPAKEHUI MOXKET PaCCMaTPUBATHCS KaK OIMPEACICHUE BAKYYMHOT'O COCTOSTHUS
3anumiemM mpaBuiIo npeoOpa3oBaHMs OTHOYACTUUYHBIX COCTOSIHUM

[¥)=2[k)KIx) (2.7)

yepes3 OnepaTophbl POKACHNUS &, |O> = Z(k |X>al'(+ | 0> ¥ TI0TpedyeM, Y4TOOBI 5TO MPABHIIO PABOTAIIO
k

HE TOJIBKO IpU AEMCTBUM Ha BAKYYMHOE COCTOSIHME, HO U Ha Jito0oe npyroe. Jpyrumu cioBamu
notpebyeM, 4ToObl caMH ONepaTopbl MpeoOpa3z0BbIBATIUCH MO MPABUITY

a =2 (kpar al=Xddk)ar k)= by (2.8)
AHanorn4Ho npeobdpa3zyrocst orneparopbl yHUUTOXKEHUS
a =X{xkjak, ak =3 khkax, &k)=fk) -epk

B nannom MpUMEPE MBI CUUTAIH X,P = hk pE€ajIbHbIMU KOOPANHATAMU U UMITYJIbCAMH, TOT' 1A

<X|k>=exp{ikx}

— A3 — A3
W : Z =d’k, Z =d”X u 3TH MpeoOpa3oBaHus €CTh OOBIYHBIC TPEOOPA30OBAHMSI
X

Dypre.



2.3 [deyxyacmu4Hble COCMOSIHUS

Bce, uto 66110 10 cuX 1OP, OBLUIO MPOCTO APYTrUM CIIOCOOOM pabOThI C 0JTHOUACTUYHBIMU
COCTOSIHUSIMU M HE IPUBOJNJIO HU K YeMy HOBoMy. Celfyac Mbl paCCMOTPHUM JIBYX4aCTHUUHBIE

COCTOSTHHUS |k1, k2> , rae KK, ectb mpon3BoIbHBIC KBAHTOBBIC YNCIIA, IOJTHOCTHIO
XapaKTepU3YIOIIUe COCTOSIHUS (KOOpAMHATA U CITMH, UMITYJIbC M CITUH, WK YTO-TO Apyroe). [Ipo
COCTOSIHHE |k1, k2> OyZeM rOBOPHTH, YTO OJJHA YaCTHIA HAXOANUTCS B COCTOSTHUM K, , a pyras —
B COCTOSIHUH K, . 3aMeTnM, 94TO MBI HE YIIOTPEOIISUTH CIIOB, CBSI3aHHBIMU C HOMEPaMH YacTHIl, B

OTOM SA3BIKEC, HA3bIBACMOM A3BIKOM YHCECJI 3allOJTHEHU A, TAKUEC IIOHATHA OTCYTCTBYIOT.
OHpe)IeJ'II/IM ABYXYaCTUYHBIC COCTOSIHUA

At At . At At
|k11k2>_ak1ak2 O>1 |k21k1>_ak2akljo>’
M3-3a TOT0, UTO C (PU3UUECKOM TOUKU 3PEHHUS 3TH COCTOSHUS SKBUBAJICHTHBI, ( 0/IHA YaCTHIIA B
cocrostHuM K , ipyrasi B K, OHH JIOJDKHBI COBIaJaTh C TOYHOCTBIO IO MHOXKHTEST F = expia .

[Ipeanosnaoxkus, 4To 3TO CBOMCTBO JO/HKHO BBIIOIHATHCS AJISl CAMUX ONEPaTOPOB, MNOITyIHM
a8 = Faal
3ameHuB K, =2 K, , momryunm
a4, =Faa,
oTkyna 1isi F umeem nBe BozMoxkHocTH F =+1. Takum 06pa3om, Mbl NPUILIM K BBIBOJLY UTO
OTIepaTOpbl POXKJCHUS C pa3HbIMU MHJEKCAMH, MOTYT TMOO KOMMYTUpOBaTh, npu F =+1, nubo

aHTUKOMMYTUpoBath pu F =—1. Jly1g onepaTopoB poKJICHUSI UMEEM CIEAYIOIINE
COOTHOIICHUS

a.a; Fa.a =0, (2.9)

Bepxnuii 3HaK cOOTBETCTBYET 0030HaM, C CHUMMETPUYHBIMH (DYHKIUSIMU OTHOCUTEIBHO
MepecTaHOBOK YaCTHUIl, @ HKHUI — pepMHOHAM, C aHTUCUMMETPUYHBIMU. J[7151 pepMUOHOB
OTCI0/Ia MTHOBEHHO clieyeT npuHuuin [laynu, eciau B 1ByX4aCTUUHOM COCTOSIHMM €CTh
OTIepaTOphl C OJIMHAKOBBIMHU MHJIEKCAMH, TO OHO HEOOXOAUMO PABHO HYITIO
3.a,/0)=-a.ac|0)=0.
Paccyxxnast no MHAYKLIMK, MBI HAXOJIUM PELeNT HanucaHus J00biX N YaCTUUHBIX COCTOSIHUI
TOK/I€CTBEHHBIX YaCTHULL

) =T]

Y k A

001aaroMMu PaBUIILHBIMUA CUMMETPUHHBIMU CBOMCTBAMHM IO OTHOLICHHIO K MTEPECTAaHOBKAM.
Ecnu 3T onepatopsl 6030HHBIE, TO B IPON3BEACHIH MOTYT BCTPEUaThCsl OJJMHAKOBBIC HHACKCHI,
YTO COOTBETCTBYET BO3MOYKHOCTH OBITh HECKOJIBKUM YacCTHIIAM B OJJHOM KBAaHTOBOM COCTOSIHHU.
Ecnu ke onepatopsl hepMHUOHHBIE, TO JIF000E MOBTOPEHHUE MHIEKCA, BEI30BET 3aHYJICHUE
BOJTHOBOMW (yHKIMU. B ciyuae 6030HOB, pyHkuus (2.10)He 00s3aTeibHO HOPMUPOBAHA.

JL1st onyueHns KOMMYTAllMOHHBIX COOTHOLICHHUH [Ist OTIEPATOPOB & 8, PMUTOBO CONPSHKEM

0), (2.10)

(2.9) u monyuum

a.a,F8,8,=0 (2.11)
Ho, noka (2.9)u (2.11) He onpeaensiot anreopy (Tabiuily yMHOXKCHHS) ONIEPaTOPOB, HAM €llle
HEOOX0IMMO KOMMYTAIIMOHHOE COOTHOIIEHHUE /ISl OTIEPATOPOB &, &, .

P ACCMOTPHUM HOPMY ABYXYACTUYIHOT'O COCTOSAHHA

(ki K,y kz) = (O] EWCRENM

o> =N, (2.12)

10



[leperpynnupoBbiBast OnepaTopbl, Ha 3TO BRIPAKEHUE MOKHO CMOTPETh KaK Ha CKaJIIpHOE
TNPOM3BE/ICHUE MPABOTO OIHOYACTUYHOTO COCTOSHHS 8, |O> 1 JIEBOT'O OJAHOYACTUYHOIO

(Ola.a, a; =Ny, {(0[a

Ecnun onun u3 unzaexcos K, 3aMeHUTsh Ha K, MbI OyZeM nUMeTb <O| a8, & &

O> - Nkl’k25k3’k2

TOCKOIIbKY 9TO €CTh CKA/ISPHOE NPOM3BEICHUE IIPABOTO OIHOYACTHYHOTO CoCTosHUs 8, |0) u
+ —

1eBoro ozHouacTHaroro cocrostuust (0|a,a, a; = Ny, (0]a,,.

Tenepb mocMoOTpUM, Kakoe 3HaYEHHE MOKHO NPUAATH ONEPATOPHOMY BBIPAXKEHUIO, KOTOPOE U
€CTh HEeIOCTAIOIINNA KOMMYTATOP Ul ONIPEe/ICHUs alnreOpbl ONepaTopoB POXKACHUS U
YHUYTOXKCHHUS.

+ — + —_—
8 a, Fa, a =? (2.13)
CHauasa MmoCMOTPHM Kak 3TOT ONepaTop Ha BaKyyMHOE COCTOSTHHE.
+ At
(a8, 74.3,)[0)
BTOPO# WICH J]aeT HOJIb, TAaK KaK OTIepaTop YHUUTOKCHHUS ACHCTBYET Ha BAKyyMHOE COCTOSTHHE,
a MEePBbIH WICH MbI yKe Bbrncisuim (2.6),4to gaer

(akla‘:z + a‘:zakl) O> = 5ki<z|0> :

Tenepb IMIOCMOTPUM, KaK 3TOT OIICpaTOP HeﬁCTByeT Ha 0AHOYaCTHYHOC COCTOSAHUC | k1> .

BeruncisieM, Ucnosib3ysi cooTHolieHue (2.6), 1 y)e BbIBEICHHOC KOMMYTallMOHHOE

cootHouieHue (2.9)

(ak1a‘:2 1 a‘:zakl)a;i |O> = akla‘-:za‘:l 0>$ atjzakla‘:—l O> = iakla;la‘:z qi a‘:2 Q = i(Nk K 2_ :Da‘:—zl Q )
YT1oObI 3HAYEHNE KOMMYTATOPa HE 3aBHUCEINO OT PYHKIINHU, HA KOTOPYIO OH JEHCTBYET, MBI
norpedyem

i(NM’kz —1) =0,

1, TaKUM 00pa3oM IPHUIEM K anredpe onepaTopoB, ONMPEASIISIEMBIX CISTYIONUMA
KOMMYTallMOHHBIMH, J1s1 0030HOB, WJIM aHTUKOMMYTAIlMOHHBIMH, 17151 (PepMUOHOB
COOTHOLICHUSMHU

aa Faa =0, aa,¥aa,=0, aa Faa =4, (2.14)

IIpuMeHeHe ITHX ONepaTopoOB AJIsl IOCTPOCHUS BOJHOBBIX (DYHKLMI o0ecreunBaeT ux
MPaBUJIbHYI0 CUMMETPHIO 110 OTHOILIEHHUIO K nepectaHoBKaM. Hopma 1Byx0030HHOTO 1

2 + At
HBYX(i)epMI/IOHHOI‘O COCTOSIHHUH, OMMPCACIICHHBIX KaK akiakz |O> JAaCTCA MPOCTBIM BBIPA)KCHUCM.
=1+
Nklyk2 1+ 5k1’k2 .

I/ICHOJ’IBSY?I BBIBCICHHBIC KOMMYTAallUOHHBIC COOTHOLICHUS MOYKHO BBIIIMCATh, HAITPUMED,
HOPMHUPOBaHHOE 0030HHOE COCTOSTHHE

1 +\Ma + \ k2 + \
) =t (o) (o) )
31€Ch nk €CThb UM CJIO 3aIl10JIHCHU S k COCTOSHUS. 3aMeTI/IM, qTO B Hallel HpOCTOﬁ 3agadec o

n !n.b.n !

TapMOHUYECKOM OCLUJUISTOPE, Mbl UIMEJIU JIENI0, TI0 Halllel kiaccudukanuu ¢ 6030HHBIMHU
omepatopamu. B ciydae ¢pepmMroHoB uncna 3anoaHeHus Ob1BatoT Totbko N, = 0,1
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3 OnepaTopbl hU3NYECKNX BENTUYUH

3.1 OdHo4Yacmu4HbIe onepamopbl
HOCMOTpI/IM, KakK ﬂeﬁCTByeT OIIepaTop Ha OJHOYACTHUIHOC COCTOAHUC, U Haﬁ,ﬂeM BBIPAXKCHHUC I

ATOTO OTepaTopa Yepe3 OnepaTopbl POKIACHUS U YHUUTOKCHUS.
0)

Alé)= 2 lle) (e[ Alkp (k€)= 2. (e Alka) | )5

ki ko

[Iponomkaem paBeHCTBO, UCHOJNb3Ys1 COOTHOLLICHUS akga,f1 |0> =0k, | O>

3 (A1) 4 |07 3 (A J) 810 = T (ol Alkaia, a9k

Yrpoimasi, UCros3ys GopMyy Z a;l O> <k1 | 3 > :Z | k1> <k1| 3 > :| 3 > , OKOHYATEJIHHO MOJTydaeM
ki kg

A& =2 (e Alk)a;a |€)

ko k3

OTKYJa, Mbl UMEEM BBIpaKEHHUE IS orepaTopa PU3NUECKO BETUUMHBI Uepe3 ero MaTpu4HbIe
3JIEMEHTBI 10 OJHOYACTUYHBIM COCTOSIHUSAM U OTIEPATOPBI POXKACHUS U YHUYTOXKEHUSA.

A= ¥ (k| AlkJaia, @Y

Tenepb mocMoTpHUM, Kak 3TOT onepaTop ACHCTBYET Ha IBYX4YacTUYHOE cocTosHue. Jlanee, o
WHIYKLIHUH, MBI IOMMEM, KaK OH JIEHCTBYET Ha JIt000€ MHOTOYacTUYHOE cocTosiHue. MTak,

0)

Brraucnennst ¢ oreparopaMu poOXACHHUA U YHUUTOXCHHA OUCHBb ITPOCThI, C IOMOIIBIO

paccMoTpuM

Alko k)= 3 (k] Alkojaa, 8,

ki ke

KOMMYTAIIMOHHBIX COOTHOIIeHHH (2.14) qroTackuBaeM» OnepaTop YHUUITOKEHHsI BIUIOTHYIO K

IIPaBOMY BaKyyMHOMY COCTOSIHUIO U UCTIOJIb3YeM 8, |O> = 0. [IponensiBas 3Ty npoueaypy

> (k| AlkJaia ara 0) = (k| Alk)al (3, +a/ 8, )a,[0) =

ki kz ki kz
klzk <k1| A| k2>|:5kZ'k3ak+la;4 i a‘-:la;3 (5k2’k4 i a‘-(+4ak2):| O> - klzk <k1| A| k2>[5k2'k3ak+la‘:4 i 5k2’k4a‘-:1a‘:3:' O> -
> (6 Ak 4,038, 42 ]10)= Xk AR 0+ Xk Ak ]9+

HpI/IXOJII/IM K OKOHYAaTCJIbHOMY BBIBOAY

2. (ol Allejaa [arka) = 2. (k| Allo) s k) + 2. (k| Alkla, k). (3.2)

ki.ka ki
yto oneparop Buja (3.1) neiicTByeT CHMMETPUYHO Ha Ka)Iyl0 YaCTUIY, OH YHUYTOKACT

JacTuny B KaXXJI0M COCTOAHUU | k|> N BMECTO Heé, Ha TOM K€ MCCTEC, POXKAACT HaCTULly B

COCTOSIHUU |k1> C aMIUIUTY0M BEPOSITHOCTU <k1| A| k,> . OTO 0JJHOYACTUYHBINA OTIepaToOp

JEUCTBYIOLMI CHMMETPUYHO 1O BeceM yactuuaM. Ha [lIpeauHrepoBCKOM sI3bIKE eMy
COOTBETCTBYET OIEPaTOP
A=Y A
i

rae A ecTb 0JHOYACTHYHBIN OMEPaTOp, AEHCTBYIONIM Ha KOOPAMHATY i-Toi yacTHIbl. OTCIO/a

CTaAHOBUTCA U ACCH CMBICII MAaTPUYIHOT'O 3JICMCHTA. OTo0 IMPOCTO €CTh ManI/ILIHbe/'I OJICMCHT
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0JIHOYACTUYHOTO OIEpaTopa Mo OJAHOYACTHYHBIM BOJHOBBIM (hyHKIHAM. OKOHUYATETHHO
bopmyny as oqHOYACTUYHOTO onepatopa (3.1)3anuiiem B BUIC

A=Y (k| wl)aa, @3)

ko K3
Ora ¢hopmylia HazbIBaeTCs GOPMYII0i BTOpHUHOTO KBaHTOBaHMs. [Touemy? PaccMoTpum
CpeaHee OTHOYACTUYHOHN (PU3MUeCKOr BeNUYrHbl A = jd)(t// (X)A{/l (X) Y 3anuuieM e€ uepes

k03 hULMEHTBI pa3noxkeHus (X) = chl//k (X) . MBI nony4um ciiefyronee BolpakeHue
k

A= 2 (k| Alk)g,
ki ko
oucHb Toxoskee Ha ypaBHenue (3.3).Orcrona npasuiio. [1jist Toro, 4ToObl HANMKCATh BBIPAXKCHUE
JUIsl OTIepaTopa Uil MHOTOYACTUYHON CUCTEMBI, HAJI0 B35ITh BBIPAKEHUE ISl CPEIHETO B
0/IHOYACTUYHON CUCTEME U 3aMEHUTh KOAPPUIIUEHTBI Pa3ioKeHHsl OTiepaTopaMu 1O MPaBUILy

_ . .
A A G, » &, G — 3

Kaxk 6ynTo kBaHTOBYIO OJJHOYACTHUHYI CUCTEMY HYXKHO €lle pa3 npokBaHToBaTh. OTCI0a 1

Ha3BaHUE «BTOPUYHOE KBAHTOBAHHE.

3.1.1 HenpepbIBHbINA CNEKTP

Bce, 4T0 MBI 710 CHX TIOP J€TIai, OTHOCUIOCH K TUCKPETHOMY CIIEKTPY, MOCKOJIBKY MBI
ONUpaNUCh Ha cooTHoIIeHue (2.5) . J1yist Toro, 4TOOBI BEIBECTH KOMMYTAIIHOHHBIC COOTHOLICHUS
tuna (2.14)u BeIpaXeHUs I ONepaTopoB, aHaIorn4HeIe (3.3) 47151 0mepaTopoB CILIOMIHOTO
CIEKTpa HEOOXOAMMO BOCIIOIb30BaThCs (hOpMyIaMu MPeoOpa3oBaHusl OT OJJHOTO TUCKPETHOTO
Mpe/CTaBICHHUS, K IPYroMy, HeripepbIBHOMY. [IpoieMOHCTpUpyeM 3TO Ha puMepe CBOOOJHOTO
AIIEKTPOHOB, JIBMXKCHHUE KOTOPOTO OTPaHMUCHO KOHEYHON 001aCThIO

O<x<L, O<y< Ly, 0<z<L,, Tak uro LXLyLZ =V, ¥ A1 IPOCTOTHI  MIPEATIOIOKUM

BBINOJHEHUE NIEPUOANYECKUX YCIIOBUM, TaK Ha3bIBaeMbIX yciaoBuil bopHa-Kapmana

w(xy2)=¢(x+L,,y,2) =(//(x,y+ L, ,z) =¢(xy,z+L 2) (3.4)
Pemenus onnouyactuunoro ypasuenus lllpeaunrepa
h2
_Z_Al// = El// ’ (35)
m
YIOBJIETBOPSIOIIEE MMOCTABICHHBIM T'PAaHUYHBIM YCIIOBUSIM €CTh MJIOCKUE BOJTHBI
1 h’k?
r)=¢ k)=—=explkr ), E= : 3.6
‘/’k()<k>\/\7p() om (3.6)

e BOJIHOBBIEC BekTopa K = (nXAkX, n Ak, nZAkZ) 00pa3yloT AUCKPETHOE MHOXKECTBO,

HYMEPOBAHHOE IEJIBIMU YHCTIAMHU (nX, ny,nz) ,a Ak = 27T/ L, i= (X, y,z) . Hetpynuo
yOeAUTHCS, UTO ITH COCTOSIHUS HOPMUPOBAHBI U OPTOTOHAIBHBI. J[eHICTBUTENBHO, TOKAXKEM, YTO
<k |k1> - 5kvk1 - ka lkl,x ky vkl‘y

QJICMCHTAPHBIX O AHOTUIIHBIX UHTCTPAIOB

o, k, - PACCMOTPHM CKalIAPHOE MPOU3BEJCHNUE, COCTOALIEE U3 TPEX
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(k|k,) \%Ljexp[ (k —ky) x]dxj expi (K, ]dyj expi (k, —k,) z]dz=
o k)] 20l K ) |- el )]
k)L 1k, =k )L, (k) L

exp[ 27 (n, —nlx)] - 1exp[i (ny - nly)] - 1exp[i (n, - nlz)] -1 5 s s s
271 (nx - nlx) 27 (nx - nlx) 271 (nz - r'llz) Kookix Ty by T bz MMy Ny Nay ~Nz Ny

YTO, J0Ka3bIBAaCT OPTOHOPMHUPOBAHHOCTD. Teneps paziokuM MPOU3BOJIbHYIO (DYHKIIHIO
1 : 1 :
= = =) — k =) —
wr)=C ) =2tk k o) =2 ool K |¢)=2 exle ()
w (k) :%jexp(—ikr W )d ar

[IpoBepum oOpaTUMOCTh 3TUX NpeoOpa3zoBaHUI

w(r)zvi;exp(ikr LIS =Vlz exfi o+ ) ]fur( Jo

(3.7)

Beraucsist cyMMyVlZexp[ik (r - 1)] =0 (r + 1) noJydaeM, uto (opMyra oOparieHus
k

KOHEUHO e paboTaeT. MOYKHO TOYHO TaK)Ke MPOBEPHUTH ACHCTBUS GOpMyIT 0OpaleHus B
00paTHYIO CTOPOHY.

W3 3THX COOTHOILIECHUH CleyeT IpaBuIo MpeoOpa3zoBaHus AJsl JIEBBIX U MPaBbIX a0CTPAKTHBIX
BekTopoB (I'| 1 |r) ¢ onpenenenHoii KOOPMHATOI Yepe3 aGCTPAKTHBIC BEKTOPA C

OTIpE/ICIICHHBIM UMITYJIECOM
1 : 1 :
ri=>»{(r =) —explkr , 1 Yy=>r(k =) — expki K 3.8
(=Xt k) =T el K | )=33K K )=X 4 exld §] ) (o)
u oOpaTHbIe MpeoOpa3oBaHuUs

<k|:%iexp(—ikr)<r d°r, |<>=%J ap(kr )] )olr, (3.9)

OTcroaa HaxoIUM IpaBuJia MPeoOpa30BaHusl ONEPaTOPOB POKACHUS U YHUUTOKEHHUS YaCTHULL C
OTpee/IeHHBIMU TUCKPETHBIMU UMITYJIbCAMH U HENPEPBIBHBIMU KOOPAMHATAMU

a(r)=a :;%exp(ikr )a., a'f)=a :Zk:% ex(—kr )a;

1 | o + (3.10)
=Wjexp(—|kr Ja )d’r, a :WJ exp(kr Ja"( )d’r,

Tenepb HETPYIHO BBIUKUCIUTH KOMMYTAllMOHHBIE COOTHOILIEHUS U MpaBuia BTOPUUHOTO
KBaHTOBaHMs JJIs1 ONIEPaTOPOB HenpepbIBHOTO crniekTpa. [IpocTto nenaem asoiiHoe dypre
npeoOpa3oBaHUe OT KOMMYTallMOHHOTO cooTHOoUIeHus 1o K, K, Kak B HIDKecIeIyromem

npumepe

14



a8 F8.8, =9, a(r):;%exp(ikr)ak, a'f ):;% exg—kr )a;

1 i — — { 1 i i 1 ik, (r,—
V (akle'kirlak*'ze Ky, ialjze kb 2ak1é( r11) :\7 Z dkzérllk”z 2 :Vzekl( 172) — Jg(rl _rz)(311)
Kok KoKy K,

a(r)a’(r,)¥a",)a(r)=o( )
KOMMyTaHI/IOHHI)Ie COOTHOIICHUA IJId OINIEPATOPOB POKACHUA U YHUUTOXKCHUS UMCIOT BU/J]
a(r,)a(r,)¥af ,)at ,) =0,
a'(r)a’(r,)¥a’(.)a't.)=0, (3.12)
a(r)a’ (r,)¥a’,)af ,)=of + ).

a IIpaBHJIO BTOPUYHOT'O KBAHTOBAHUS, TOXKC OCTACTCsI COBCPUICHHO aHAJIOTUYHO (33)C
TOYHOCTBIO 3aMCH CYMM Ha MHTETpPaJIbl

A:j<r1|A1|r2>a+ (.)af ,)drd, (3.13)

3.1.2 Y4yeT cnuHa 3feKTpoHa
DJIEKTPOH, UMEIOIIUI CIIUH S = 1/ 2, OTIUCHIBACTCS IBYXKOMITOHCHTHON BOJTHOBOW (DYHKITUCH,
KOMIIOHEHTbI KOTOPOM MOTYT ObITh HyMEPOBaHbl JTUCKPETHOW CIIMHOBOW MEPEMEHHOI,
npuHuMaroleit 2 3nadendst £1/2 wim 11 . B COOTBETCTBHHM C 3THM MbI JIOJDKHBI IOGABHTH 3TOT
JOTIOJIHUTEIbHBIN TUCKPETHBIA MHJIEKC K OTepaTopaM POKACHUSI U YHUUTOKEeHUSI. OHU IPUMYT
BUI 8, . ak,s’a; (r) , A (r ) . B cooTBeTCTBUM C 3TUM cllerka U3MEHSTCSI KOMMYTallHOHHBIE
COOTHOIIICHUS B UMITYJIbCHOM MPEICTABICHUN
A, 58,5 F8,585 -0 &8 ,:,F8 .8 5,70, 8 ;& FR,,2 ;76,9,,.,314)
B KOOPJIMHATHOM TPEACTABICHUU
a, (n)a, (r.)Fal z)s2 a,f.)=0,
a;(r)as (r,)7a, (,)at ,)=0 (3.15)
a, (n)a; (r,)¥a; (.)a.t.)=a + ))o,,,

a TaKXce, (bOpMy.HI)I BTOPHUYHOI'0 KBAHTOBAHUA IJIs1 OIIEPATOPOB MHOTOYaCTUYHBIX CUCTEM,
BBIPAXXCHHBIX KaK 4€PE3 OIECPaTOPhbl C ONMPCACICHHBIM UMITYJIBCOM U CIIMHOM

A: Z <k1’§|'A\|k2’52>al:—1,siak2,s2 (316)
kik2.5.5
TaK 1 4epe3 ONEPaTOpbi C ONPECCHHBIMU KOOPIMHATAMH U CIIHHAMHU
A=Y [(rs| Al s)al(u)a, to)dndt, (317)
S5V

3.1.3 an/IMepbl OAHO4YaCTUYHbLIX onepaTopoB ANnA MHOro4aCtuU4YHbIX
CUcTem
* Yucio yacTull B B cUCTEME.

N

HIpenuHrepoBckuit MHOro4acTU4HbIN oneparop N = Zl. OpHoyacTHuHBIN onepatop ecTh 1.
i=1

MatpuuHBIif 2JIeMEeHT 10 COOCTBEHHBIM BEKTOPaM KOOPIUHATHI <r1, Sl|1|r ) ,Sz> =0 (r T 2) Oy

10 COOCTBEHHBIM BEKTOPAaM UMITy/Ibca <k1, Sl|l|k ) ,SZ> =0, x,0 s, - Ucnonesyst hopmyiry

BTOPUYHOTO KBAHTOBAHMSI, [IOJIy4aeM
OrnepaTop yKMCIa YaCTUIl B MHOTOYACTUYHOM CHCTEME
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I\AI:ZJ'a;(r)as(r)d%:kZa;’sak’s (3.18)

*  Omneparop NOTEHIUATBHOI YHEPTUH BO BHELIHEM moJjie. Onepatop NOTeHIHAIbHOM
sHepruu ectb U (I'), ero MaTpu4HbIi 51eMeHT 10 QYHKLHSM C ONpeeIeHHOM
KOOPAMHATOW M CIIMHOM <r1, Sl|U (r )k 2,52> = 55’52.[5( + JU( )a( = ,)d° unrakum

00pa3oM, MojHasi NIOTEHIMAIbHASI SHEPTUsl CUCTEMBI BO BHEIIIHEM T0JI€, BRIpaXKEHHAs
yepe3 onepaTopbl POKICHUS U YHUUTOXKEHHUS IEKTPOHOB C ONPEIeTICHHON KOOPAMHATON
Y CIIMHOM OYJIET BBITJISAIETh KaK

U:Zjul(r)a;(r)as(r )d’r (3.19)
s v
*  Omeparop koHueHTpanmu. B [lIpeanHrepoBckoM npecTaBIeHUH OH €CTh
,o(r ) =0 (r - ZrAi ) . OZIHOYACTHYHBII OTIEpaTop O (r ) =0 (r - 1) , €T0 MaTPUYHBINA

3JIEMEHT N0 (PYHKIUSIM C ONPEIeTICHHON KOOPIMHATON M CITMHOM
<r1, 51|/01 (r )k 2’52> = 5( + 1) 5|( ,F 1) 9, , - OTcrona, nMeem IPaKTUYECKH OUEBU/HOE
BbIpAKEHUE

p(r):zs:a;(r)as(r). (3.20)

BripaxeHnue yepes oneparopsl ¢ ONPEAeICHHBIMA UMITYJIbCAMU Y CIIMHAMH, JACTCs
npeoOpazoBaHUSIMU

p(r)= L > a@ysa,(bsexp[ir(kl—k 2)] (3.21)

V ki,ks,,s
° OnepaTop IMOJIHOT'O UMITYJIbCa CUCTCMBI. U_IpeI[I/IHFepOBCKOG NpeaAcCTaBJICHUC

p= Z p' = Z =il . OmHOYacTHYHBIH omepaTop p' = -in0. Haxoas MaTpUUHbIit

3IIEMEHT 10 (GYHKIHSM C ONpe/IeICHHBIMI KOOPANHATAMH U CITUHAMH
<r1, 51| p1|r o Sz> =9, szjd(r -+ 1)(—ihDr)5( + 2)d3r , IozicTaBiss B hopmyIry
BTOPUYHOTO KBaHToBaHus (3.17)u BeIuMCIAs cHavana uuTerpais o d°r,d’r, nonydaem

ﬁzzs:jas'*(r)(—ihmr)as(r)d% (3.22)

JU7ist BEIp@XKEHHS! Yepe3 ONepaTopbl ¢ ONPEASICHHBIM UMITYJIBCOM U CIIMHOM BBIYHCIIUM
o 1 —
MaTpPUYHBIN AJIEMEHT <k1151| p |k 2,52> =7K O o Ok,

P=>"1nka . a, (3.23)
k,s

Y TIOJTyYUM €CTECTBEHHYIO (OpMYIly, YTO OOILMI UMIYJIbC paBEH CyMME UMITYJIbCOB BCEX
YaCTHII.
*  OmnepaTop KUHETUYECKON SHEPTUU CUCTEMBI BBIUUCIISIETCSI aHAJTOTUYHO

T =§Ja§(r)(—%A,}as(r ) => ek )a’a. €k)= h;: (3.24)

k,s

210 CHUX ITIOP MBI BBIYUCIIAIN OIIEPATOPLI AMArOHAJIBHBIC 110 CIIUHY. A TCIICPb HaBaﬁTe BBIYUCIIUM
CIIMHOBBIC OIIEPATOPLI B IPCACTABJICHUN ONICPATOPOB POKACHUSA 1 YHUUYTOKCHUAA.
® OI[HOLIaCTI/ILIHBIC CIIMHOBBLIC OIICPATOPhI

~ _h 01 0 -i 1 0
S:—G, o,= , a'y: ] , O,=
2 10 i 0 0 -

IMPUBOJAT K CICAYIOIIHUM MPEACTABJICHUAM JIs OICPAaTOPOB IMOJHOT'O ClIMHA CUCTEMbBI
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s.=3l[amae)-at)at))er=5 a8, -a.a,
Sf%f[af(r)al(r ()at ]dr—— (a8, +a.a.,) (3.25)

S, _—j[a )-a’{)a ¢ )]d* =%;(ak+mak,l -g'.a,)

AHaJOTUYHO MUIIYTCs U 00JIee CIOKHBIC OJTHOYACTUYHBIC OTIEPATOPHI, K IPUMEPY (pc)

NEHCTBYIONTMI KaK Ha CIIMHOBBIC, TaK M HA OPOUTAIIbHBIC TIEPEMEHHBIE.

3.2 [leyxyacmu4Hble onepamopbl

Kpome yxe paccMOTPEHHBIX 0JIHOUYACTUYHBIX ONEPATOPOB, CYLIECTBYIOT 00JIee CIOMKHbIE
oneparopsl, Ha [lIpeqMHrepoBCKOM sI3bIKE, ACUCTBYIOIIME HA KOOPAUHATHI Cpa3y ABYX YacCTHULL.
[Ipumepom Takoro oneparopa sIBIsSETCs, HaIPUMEp, ONepaTop KyJIOHOBCKOTO B3aUMOJCHCTBUS

JBYX 2JIEKTPOHOB, ACUCTBYIOIIHUNM HA KOOPAUHATHI CPa3y ABYX YaCTHILI.
2

(S
U(r,r,)=——- (3.26)
r=rol
Oneparop MoaHOTO KYJTOHOBCKOTO B3aHM011eI7ICTBI/Iﬂ BCeX qaCTMu B CUCTEME
U= Z (3.27)

R iy

-]

O6e GopMyIbl SKBUBAJIEHTHBI U UCKITIOYAET ABOMHOM yUeT SHEPTHH B3aMMOICHCTBUS YaCTHUII
| > J,] — i . BpISICHUM, KaK MPEICTaBIISIFOTCS TAKUE OTIEPATOPbI C UCTIOJIB30BAHUEM OIEPATOPOB

I>] |

POXKACHUSA U YHUUTOKEHHMs. [Ipomie Bcero mogoNUTH K 3TOMy BOIPOCY € IMMOMOILBIO PacCyXACHUN
110 MUHAYKIHUH. MBI y’Ke pacCMOTpPENIM OJHOYAaCTUYHBINA ONEPATOpP, €AMHUYHBIN 110 CIIMHOBOM
IIEPEMEHHON U IMAarOHaJIbHBINA 10 KOOPAMHATE, U MPEICTABUIN MTOJIHYIO NOTCHIUAIBHYIO
SHEPTHIO B BUJIE PA3JIOKEHHUSI 110 OIIEpaTopaM POXKACHUS U YHUUTOKEHUS C ONPEACICHHON

koopaunatoi (3.19)
U :Zja;(r)ul(r)as(r )d®r.

JIByXuaCTUYHBIH orepaTop, Npu (GUKCUPOBAHHON BTOPOI KOOPJMHATE CTAHOBUTCS (PaKTUUYECKH
OJIHOYACTUYHBIM OIIEPATOPOM, IIOITOMY, €CJIM MBI 3aIIAIIEM MOIHYIO KYJIOHOBCKYIO SHEPTHIO 110
(dbopmMe aHaTIOTMYHOM OJJHOUACTUYHOMY ONIEPATOPY U CUMMETPUYHO 10 KOOpAUHATaM Il , U

CIIMHaM S;,S,

u __Z,[asz (U 2)a Ja( ,)d’rd’, (3.28)

2550
JelicTBUTeNbHO, IPU (GUKCUPOBAHHOM I,, S, UM I, S ody4aeTcsa popMyna NOTeHIUAIbHOM

SHEPTHU  BO BHEIIHEM M0JIe, MHOKHTENb 1/ 2 Hy)KeH [UTs n36exKaHust IBOWHOTO ydeTa SHeprun

B3aMMO/ICHCTBHSI, aHATIOTUYHO TOMY, Kak caenaHo (3.27).
JUi1st KyJIOHOBCKO# 9Heprun OyaeM UMeTh GopMyITy

ge __zja% )|r1(i—rz|a§(r Ja, ,)drd, (3.29)

s152V

BbIpa3um 3Ty KyJTOHOBCKYIO SHEPTHUIO Yepe3 OMepaTopbl POKICHUS U YHUUTOKEHHUS C
OTIpe/IeTICHHBIM UMITYJIbCOM U CIIMHOM. 3alMIIeM OTlepaTophl

17



A (n)= ek, ab)= g e a.

(3.30)
+ 1 : + + 1 : +
a; (r,) =sze><p(_'k I)acs ate) =sz ex(k t , )a,
I/I IMoACTaBUM Bpra)KeHI/Ie OHepaTOpOB Ilepe?. OHepaTOpr B k HpeI[CTaBJIeHI/II/I
~ 1 ) ) - 2
uc= 2 Z,[ Z exp[l (kl -k 4)(r1—r 2)+' (( KoK K 4') 2:|ak3ak451—e_ a %, szd3r1d3r21
N ovkkKk, ri-ry

Ilepexons oT koopauHaAr r,,r, —» ,—Ir,= Er > ¥ BBIYMCIISS TIEPBBIM MHTETPAIT 110 d3r2 nojay4aeM
1 . 3
VjeXpD (kl +k2 —k 3 -k 4)r zjd r,= 50,k1+k2—k3—k4 - épk Kk 4
Y,

4TO 3TOT UHTErpaj OTJIMYEH OT HYIIS TOJIbKO MpH coXpaHeHuu umnynbca K, +K , =k , +k ,. B3
CIMHCTBCHHBIN WICH CyMMBI, YI0BIeTBopsitomuii yenosuto K, +K , =k , +k ,, MbI nepenuem
OIepaTop KyJIOHOBCKOTO B3auMoJeiicTBus, BBes nepemennyto kK, =k, +q, k,;=k ,—q, u

MOJIy4YUM

1

ge :Wk kzg V(0)8 408 s ok, o (3.31)

rae V (q) €CTh MaTPUYHBIN JIEMEHT KYJIOHOBCKOTO B3aMMOICHCTBUS
) 2 4 2
V(q)= jexp[—lqg]e—d? = ﬂ; :
v g g

3anuiineM raMuIbTOHUAH CBOOOHOTO 3JICKTPOHHOTO ra3a ¢ KyJIOHOBCKUM B3aUMOICHCTBUEM
MexIy yactuiiaMu. OH CKIaIbIBaCTCs U3 IBYX WICHOB, KHHETHYECKOM sHeprun (3.24)u
MOTEHIMAILHOM 3Hepruu B3aumoeicteus (3.31)

q + 1 + +
H :Ze(k)aklsak’gx > V(Q)5\<2—q,325k1+q,slakl,slak2,sz- (3.32)
k,s kikod,

0%

OrtoT ['aMUIbTOHMAH MOXKET OBITh MPEACTaBIEH B Ipaduueckoil popme, KoTopas sIBUIIACH
npemecTBeHHuLei tuarpaMm @eiiHMaHna, Mbl Oy/ieM Ha3bIBaTh 3TU TpauKH
npeaauarpammamu Oelinmana. [IpengauarpaMMbl YUTArOTCSL CHU3Y BBEPX, UM COOTBETCTBYIOT
(dbopMyIIBl, MPOYNTAHHBIC CpaBa HajeBO. Kak ol BXOAAIICH CTpesKe, COOTBETCTBYET OIEepaTop

E(k) COOTBCTCTBYIOIIMMH UMITYJIbCHBIMU U CIIMHOBBIMH MHACKCAMU. MeCTO, T'Ac CTPCIKU
COCANHAIOTCA, HA3bIBAOTCA BEPIIMHAMU. Nm COOTBCTCTBYIOT MHOKUTCIIN E(k) JUTISA

OJIHOYACTUYHOTO orepaTtopa, u V (q) - 17151 AByXYacTHUHOTO. ["padudeckoe n3o0pakeHue

I'amunsToHnana (3.32)umeet B
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A k1+q’51 kz_q’SQ

H=  ®s(k) * v (a)

K,s K, S K2,

Pucynoxk 1. 'padpuueckoe npeacraBieHne raMUJIbTOHHAaHA CBOOOHBIX AJIEKTPOHOB C
KYJIOHOBCKMM B3aMMOJICHICTBHEM MEXAY COOOH.

3.3 UdeanbHbIl 351IeKMPOHHBbIU 2a3
PaccMoTpuM cBOGOIHBIN SIIEKTPOHHBIH Ta3 B siimke pasmepa V = L L L, ¢ neproanyeckumu

TPaHUYHBIMU YCIOBUSMU. | aMMIIBTOHMAH B ITPEACTABICHUN BTOPUYHOTO KBAaHTOBAHUS,
BBIPA)KCHHBINA Yepe3 ONepaTopsl POKACHUS U YHUUTOKEHUS NIEKTPOHOB B COCTOSIHUSAX C
OIIPENIETICHHBIM UMITYJIbCOM U CIIMHOM MMEET BUJ

H=Y¢(k)a.a,.. (3.33)
k,s

rae E(k) = hzkz/ 2mecTb qucnepcus CBOOOIHOIO AIEKTPOHA, a OllepaTopbl NOTUUHSIOTCS
(epMuOHHBIM KOMMYTaMOHHBIM coOTHOMIEHUAM. Cedenne aucnepeuu miockoctTeio K, =k, =0

nokazaHo Ha Pucynke. 2. 3to mapabosna, pa3penieHHbIe 3HaYeHHUSI BOJIHOBOTO BEKTOPA MOKa3aHbI
TOYKaMHM, COOTBETCTBYIOIINE UM 3HAUCHUS SHEPTUU TUCKPETHBI.

kL./2m=n,

o o o oo o
-2 -1 0 1 2 3 4

Pucynox 2. Jlucnepcusi cBOOOAHBIX 3JIEKTPOHOB B SIIIUKE C TIEPHOIMUSCKIMH
IPaHUYHBIMHU YCIOBUSAMU. TOUKaMM MOKa3aHbl pa3pelieHHbIC 3HAYEHUS NUMITYJIbCOB.

v
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Jucrniepcust cBOOOHBIX 31eKTPOHOB B GonbiioM simmke V = L L L, . CriekTp BOJHOBBIX YKceN U

COOTBETCTBYIOLIUX SHEPTUM TUCKPETEH.
[Ipou3BosibHOE COOCTBEHHOE COCTOSIHME 3TOT0 raMUJIbTOHUaHa UMEET BUJL

w)=[]alo

¥ DHEpTHs 3TOro cocTostHus E = Ze(k) . UTO6BI HOCTPOUTH OCHOBHOE COCTOSIHHE, NMEIOIIIEe
k,s

HaMMEHBIIYIO SHEPTUI0, HEOOXOIMMO YIIOPSIOUNTh BCE KBAHTOBBIC YHCIIA TIO BO3PACTAHUIO

(HeyObIBaHHUIO) SHEPTUU

(3.34)

e(0)se(k)<e(k,)<..<e(k)s ... (3.35)
1 3allOJIHATH COCTOSAHUA C MMOMOIIBIO OTIEPATOPOB POKACHUA C MUHUMAJIbHO BO3SMOKHBIMU

SHEPTHH, He JOMycKas TIOBTOPEHMs KBAaHTOBBIX UnceN B npousseaeHnH (3.34). B pesynbrare
006pasyercst OCHOBHOE COCTOSIHME, KOTOPOE Mbl Oy/ieM HasbiBaTh |FErmi), n kotopoe nMeet B

|Fermi) = a .| 0) (3.36)

e(k)<ée s

B KOTOPOM, BCC COCTOSHUSA HUKC HCKOTOpOﬁ OHCPIrun, Ha3bIBacMO aHeereﬁ CDepMI/I,
3anoaHeHsbl. [lomHas OHEPIUA CKIaAbIBACTCA U3 3H€pFI/II>i BCEX 3aMOJHEHHBIX COCTOSIHUN

E= ZZ & (k) . MBI cuuTaeMm, 4to BBIPOKJACHHBIC 110 CIIMHY COCTOAHUS IMOJIHOCTBIO 3alIOJIHCHBI.
k

B nocrarouno 6onb10# cucteme, e YUCIO 3JEKTPOHOB MaKPOCKOIIUYHO, MOYKHO yKa3aTh
MPOCTOM MyTh BBIYUCIICHUE CYMM I10 pa3pelieHHbIM 3HAaUYCHHSIM BOJHOBBIX BEKTOPOB. BriObepeM

snement oGbema dk dk dk, = d°k i cocunTaem KONIYECTBO Pa3PEIICHHBIX COCTOSHMIA B STOM
obweme. Paspemiennsie coctostHus 00pasytoT B K mpocTpaHcTBe peneTky ¢ 00beMoM

o o 3
snemenraproi sueiikn Ak Ak Ak, = (2m)° 1 L,L,L, 1, mO3TOMY /1715l CyMM 110 BOJIHOBBIM
BEKTOpaM MbI OyJieM UMETh IIPOCTOE BHIPAXKEHUE Yepe3 HHTErpa

Zf j d K (3.37)

TA\3
k)ser )

[IprMeHMM 3TH COOTHOLIEHUS JUIsl pacyeTa XapakTepUCTUK UACAITBHOIO 3JIEKTPOHHOIO rasa.
Haiinem 3aBucumocts sHeprun depmu oT uncia qaCTI/Iu.

k
¢ Arkcdk k3
N=2 1=/ =V | ——=—"F 3.38
N LF 27y =87 =3 (3.38)
otkyna K- = (3772 N/V ) = (3772 n) , TIe N-KOHLEeHTpauus, a uMnyiasc Oepmu onpezaencH
OOBIYHBIM COOTHOIIEHHEM & = hi’k? / 2m. ToyHO TaKKe HaXOIUTCS TOJTHAsI SHEPTHS.
21,2 43 ke 22,2 21,5
E:225(k py J- h°k dk3: hk 477k2dk:\/hkF
e(k)ser £(K)<er 2m (27T) 0 2m 87 10mv7

(3.39)

3.3.1 MnoTHOCTbL COCTOAHUMN
OdeHb yacTo, BMECTO UHTEIPUPOBAHNUS B UMITYJIbCHOM MPOCTPAHCTBE YA0OHO UHTEIPUPOBAThH
10 C)Hepl"I/II/I, BBCA IINIOTHOCTDH COCTOSIHI/Iﬁ Ha eI[I/IHI/II_Iy 3HepFI/II/I vV (E ) . OHa BBOJUTCA

COOTHOIICHUECM
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e(k)<er e(k)<er (2”)3 0

1 1 de
k==v2me, dk=—+/2m—
h 2h Je

. 1 1 de
OTKYy/Ia, C MCIIOJIb30BAHMEM COOTHOIIEHHI K = %\/Zm*:, dk = E\/ ZrnT , JIETKO HAaXO0 UM
£

v(e)=V ‘/ﬂ;\f (3.41)
vz 7

0 (3.40)

OKOHYATCJIbHOC BBIPAKCHHC. Fpa(bm( IUIOTHOCTH COCTOSIHUM UMEET BH ]I V( )

HNuoraa ynoOHO MOJIb30BaThCs MJIOTHOCTHIO COCTOSTHUN Ha eAMHUILY 0Obema V (5) = |7(£) /V

2 v(€)

&

»
>

PI/ICYHOK 3. [1710THOCTE COCTOSTHHI CB060I[H01"0 QJICKTPOHHOI'O I'a3a Ha CANHULY

vz

SHEPTHM B TPEXMEPHOM CITydast V( )

3.4 Keasuyacmuusbi

ITocKOJIbKY OCHOBHOE COCTOSIHUE JICKTPOHOB B TBEPJOM TeJjIe MPEACTaBISIET cocTosiHre Depmu
¢ GOJTBLINM KOJMYECTBOM 3JIEKTPOHOB, TO BOSHUKACT COOIA3HUTENLHOE KETaHUE OTPEICTHTh
HOBBIE OTIEPATOPBI, HA3bIBAEMBIE OTIEPATOPAMHU KBa3UYACTHII, KOTOPbIE OYIyT OMHCHIBATH
BO30YKICHHBIC COCTOSIHUS HaJl cocTosiHreM DepMu. MCmob3yst H30TPOIHIO TIOBEPXHOCTH
depmu, 3anuiieM 0CHOBHOE COCTOsiHMEe DepMu CUCTEMBI (3 36)

Fer m| a, (3.42)
| k!:| s
Ornpenenum ornepaTopbl KBa3uyacTHI] CIIETYIOIIMM 00pa3omM
.. k>k k >k
a = X TE g = T (3.49
' a, s k<k a, s k<ke

Tak, 4To oreparop 4, . npu K > K. poxmaer amekTpoH Hag hepMH HOBEPXHOCTHIO, H

YHHMUTOKAET IEKTPOH C MPOTUBOMOJIOKHBIM UMITYJILCOM M CIMHOM 10 PepMU-TTIOBEPXHOCTHIO
npu K <k, TeM caMbIM poxast AIpKY. TakuMm 00pa3oM, HalllK KBa3UYaCTHIIBI €CTh IICKTPOHEI
HaJ OepMU-TIOBEPXHOCTHIO, U ABIPKH 1101 DepMHU-TTIOBEPXHOCTHIO.

HeTpynHO IPOBEpHTE, YTO ONEPATOPHI &) , &,  YAOBIETBOPSIOT (HEPMHUOHHBIM

KOMMYTAallUOHHBIM COOTHOILLICHUSAM. 3anuiiemM ux
+ + + + — + + —
aklvslaksz +ak 2xszak151_0’ aI( 1vslak2152+ak252ak S1 O’ ak 1516rk 2+akzsgk £ 1_dk1255 £ ’(344)
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ecmm K >Ke, Kk, >k wm kK <K:,K, <k: To, B cuity onpenenenus (3.43),5TH COOTHOIICHHUS,
OYEBUHO , BBINOIHSIOTCS. Heo0X0MMO POBEPUTH BBITIOJHEHHE 3THX YCIOBHH, €CITH

k, >k, Kk, <k_ . Ilepenmmem (3.44)B 3ToM ciiydae 4epe3 OnepaTopbl peabHbIX SIEKTPOHOB
a',a

al;,sla— 2, + a—kz,—szqzrlsl = 07 Ek 1,sla-JIr( 2,—sz+ a—:; 2,—szq 1,51: O’ q s ?k 7S 2+ ak 7S ?‘ B 1: ék 12551 S
Y MBI BHJIFIM, YTO OHU TOXKE BBITIOJIHSIOTCS U3-3a TOTO, uTo K,,K, mpuHamiexar pasHbpM

00JacTsIM UMITYJIbCHOTO IIpOoCcTpaHcTBa. HeTpynHo npoBeputs, Takke, 4to pyHkuus Oepmu
SBJISICTCS] BAKYYMOM JIJTs1 KBa3MYaCTUYHBIX OMIEPATOPOB, @ UMEHHO

a, |Fermi) =0. (3.45)
Jnst k> k. 3T0 paBeHCTBO mepenuchIBaeTCsl yepes a OnepaTophl Kak
a s |_| a,<+1’5|0> =0, (3.46)
ki<kg s

OTKyZa, OYEBHIHO CIICAYET €ro CIPaBeIIMBOCTh, TIOCKOJIBKY K > K- 1 omepaTop yHUYTOXKECHUS

IPOHOCHTCSI HarpaBo U faet Houb. /s K < K. mepenmceiBanne yepes a omneparopsl JaeT

ay s [] &.10)=0, (3.47)
ki <kg ,s
4TO TOXKE YAOBJICTBOPACTCA, IIOCKOJIBKY B 3TOM IMPOU3BECACHHUN 00s13aTeNbHO BCTPETATCA ABa
CbepMI/IOHHBIX oneparopa poKACHUA C OAMHAKOBBIMU UMITYJIbCAMU U CIIMHAMU.
[Tepenumiem ["amMunbTOHMAH Yepe3 KBa3UUACTUUHBIC OTIEPATOPHI, pa3OuB 00J1acTh
CyMMHpOBaHUs Ha 061acTh HaJ U o OepMU-NIOBEPXHOCTHIO

H= 3 e(kaia.+ X ek)aa.= Y ek)aa .+ Y ek)a’a .

k<kg ,s k>kg ,s k<kg,s k>kg ,s

TEPBYIO CYMMY MOKHO MpeoOpazoBaTh, UCMOIb3Ysl CHMMETPHUIO E(k) = E(—k ) , 1 HCTIOJIb3YsI

KOMMYTAalIMOHHBIC COOTHOIICHUSI, 4TOOBI BHICTABUTH OIICPpaTOP POKACHUA JICBCC OIICparopa
YHUYTOXKCHUS, TIOJIyd4acM

H= > eK)a.a .+ D ek)a'a .= D ek)- D ek a..+ > ek)a’a . (3.48)

k<kg,s k>kg ,s k<kg ,s k<kg ,s k>ke ,s

HepBbe/'I YWICH MPCACTABISCT SOHCPTHUIO OCHOBHOT'O COCTOSAHMA, BTOpOfI YICH — BKJIad AbIPOK,
TpeTI/Iﬁ YJICH- BKJIaJ] 3JICKTPOHOB. Moxet MOKa3aThCA, YTO SHEPTHUA ABIPOK OTPpHULATCIIbHA,
OJIHAaKO 3TO OIIYHICHHE JIOKHO. I[eHO B TOM, YTO POKIACHUC KBaA3UYACTHUIL MCHACT YHUCJIO YaCTHUIL]
B CUCTEMC, POKIACHUC NBIPKU YMCHBIIACT YU CJIO YaCTHIl Ha 1, a POKACHHUEC BJICKTPOHA
YBCINYMBACT YUCJIO HaCTUI] HA CAUHHUILY. EcrecTtBeHHO ONPCACIINTD SHECPTUIO KBAa3UYaCTHUIbI KaK
OTCYHUTAHHYIO OT OCHOBHOI'O COCTOSIHUS C TEM KC YHUCJIIOM YacCTHIl, YTO U B BO36Y)KI[6HHOI>'I
CHUCTEMC.
Tax OHCPTIUA 2JICKTpOHA U ABIPKH, COOTBETCTBCHHO, ONIPCACIAIOTCA KaK

E.=Epq(N)+e(k)-Eq(N+1), E =E,4(N)-e(k)-E,(N-1),  (3.49

gnd gnd gnd

3pech Egy (N) 9HEprusi OCHOBHOIO cOCTOsIHUS N 4YacTHIl, a MOCKOJIbKY Pa3HHULIA MEKIY

sHeprussMu ocHoBHbIX cocTostHUM ¢ N, N +1 onpenensiercss XMMU4EeCKUM NOTEHIAAIOM

E ( N) -E ( N —1) = [, TO BHEprusl KBa3U4acCTHULbI 3JIEKTPOHA U JIBIPKH 3alMCBIBACTCS B BUIE
E.=¢(k)-u E,=u-e(k),

YTO MOXKET ObITh 00BEIMHEHO OHON (HOPMYIIOH JUTs SHEPTUH JII000H KBa3MUACTHULIBI, JINOO

JIEKTPOHA, MO0 IBIPKU

(k) =|e(k)-4l. (3.50)
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B namem ciydae HyneBoi TemrepaTypsl [ =& (GopMyna Ul SHEPTUHM KBa3UYaCTHIl MOXKET
OBbITh IIPEJICTaBJICHA

h2k2 thZ
(k) =l (k) == 5 - = o = v [k ke (3.51)
I'padux sToit pyHkumu npeacrasieH Ha Pucynke 4
AE (k)
£F
-k, K- K,

Pucynoxk 4. Jlucriepcusi KBa3u4acTHIl UCATLHOTO )epMHU rasa.

OTOT XKe PE3YIbTAT IJIA AUCIICPCUN KBa3NUYAaCTHUILl MOKCET OBITh MOJIYYCH KaK pe3yJibTaT
PaCCMOTPECHUA AUaroHajiusauu raMujibTOHHMAaHa, aBTOMAaTUYCCKN YYUTBIBAIOIIETO BO3ZMOKHOCTD
N3MCHCHU YHKClia YaCTull

A== Y () aio+ T (e()-w)ar.aq .=

k<kg,s k>kg ,s
3 (e()-4) + X |e(k) - e .

HepBBIﬁ YJICH B npaBoﬁ YaCTH 3TO MPOCTO SHEPTUA OCHOBHOI'O COCTOAHMA, U €CJIM OTCYHHUTBIBATDb
OHEPTUI0 OT 53TOI0 YPOBHSA MbI HPUACM K TaMHUJIbTOHHAHY

HY=H'=H-uN- Y (e(k)-p) =3 &(k)a; a,., (3.52)

k<kg ,s

4 TaMUNbTOHWAH 3NeKTPOHHO-(POHOHOHHOMN CUCTEMbI

PaccMoTpuM Tenepb IeKTPOHHBIN T'a3 B KPUCTAILIE, COCTOSIIMM U3 MOHHBIX OCTaTKOB, KOTOPBIE,
JUI IPOCTOTHI OY/IEM CUMTATh 3JIEMEHTAPHBIMU YacTULIAMHU, ACHCTBYIOIIMMH Ha JIEKTPOHBI KaK

(buKcupoBaHHBIN MOTeHLIMAN. PrcyHOK 5 M300paskaeT pacrosiokeHHue aTOMHBIX OCTaTKOB, CpeIn
KOTOPBIX JIETAIOT MNEKTPOHBI. byieM cuntate, 4To 37€KTPOHBI ABUXKYTCS B 110JI€ HOHHBIX

OCTaTKOB, KaXIblii C (PUKCMPOBAHHBIM NOTEHIUAIOM V, (r ) , PacnosokeHHbIX B Toukax N+Z,
rae toukn N =na, +n,a, + N,a, 00pa3yloT KPUCTAIIMYECKYIO PEIIETKY, a,,a,, &~

3lIEMEHTapHbIE BEKTOpa, Ny, N,,MN,- Ieble Yhca.
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Pucynoxk 5. IIpocTas kpucraminyeckas peieTka 13 MOHHbIX OCTaTKOB, KOJIEOIIOIIMXCS

BOJIM3M COCTOSIHMI PaBHOBECHs, PACIIONIOKEHHBIX B Toukax N =na, +n,a, + n,a,,

BCKTOPAa CMCIICHUA aTOMOB U3 IIOJIOKCHUA PABHOBECHUS ZN

4.1 OnekmpoHbI 8 udeasribHOM Kpucmariie

DNEeKTPOHHBIN raMUJIbTOHUAH, BBIPAYKEHHBIN Yepe3 ONepaTopbl POXKICHHUS U YHUUTOKECHUS
JJIEKTPOHOB C OINPEACICHHBIMU KOOPAUHATAMU U CIIMHOM, 3alMILIETCS B BUIE

A=Y [dral ()] oA+ D%l N 2, [k ), (2:53)

Y CJIY aMIUTUTY/a KOJeOaHuil aTOMOB MaJjia 1o CPaBHEHUIO 10 CPABHEHUIO C pa3MepoOM
INoTCHIHala, a Tak 0OBIYHO 1 ObIBACT B TBEPABIX TCJIaX, TO NOTCHUHAI MOXXHO Pa3jIOKUTh B PAJ
Teiimopa

V,(r=N=-Z,)=V,(r N)-Z OV, N )

Y 3JI€KTPOHHBII FraMUJIBTOHMAH NpeacTaBuTh B Buge H =H,  +H r7ie HEBO3MYILEHHbIN

e-ph?
ramMmuiabToHuaH H, onpenenex
o= (r T aru) faut). (3.54)
rae V ZV , @ BO3MYIIICHHE, KOTOpoe OyIeT onpeaeisiTh 3MeKTPOH-(HOHOHHOE
B3aI/IMOHeI/ICTBI/Ie
He = Id ra (r)ov,(r)af ), (3.55)

rJic BO3MYIIEHHE TOTeHIHana oV, (r) = —ZZ MELYA (r N ) . HeBo3myilieHHbIY TaMUIbTOHUAH

MOXKET ObITh AMAaroHaJIM30BaH, €ClU pelleHa OJHOYaCTUYHAsl 3a/1a4a U HaiIeHbl COOCTBEHHbBIE
COCTOSIHUS <r |a > =9, (r ) , YAOBJIETBOPSIOLIME YPABHECHHIO

24



[—%mvl(r)}»a (1) =E.. (). (3.56)

OO61ue cBOMCTBA PEIICHHS OJTHOIEKTPOHHOM 3aaui B IEPUOJUUYECKOM MOTCHIIMAIE XOPOIIIO
U3BeCTHBI. J[11s1 cCOOCTBEHHBIX (QYHKIUI cripaBe/inBa TeopeMa bioxa, yrBep:kaaromias, 4ro
BOJIHOBas (bYHKHI/ISI MNpEaACTABJIACTCA B BUAC ITPOU3BECACHUA 3KCHOHGHHH3J’IBHOI>1 (i)YHKHI/II/I n

GyHKUMH U, , NEPHOAMIECKOH C IEPHOIOM PEIIETKH U, (r) = Uy, (r +N ) [TomHOCTBIO
OmoxoBcKast pyHKIIHS 3aMUChIBACTCS B BUJIE

¢a (r) = ¢q,l (I‘ ) = exp['qr ]uq,l ( ) !
TrJie IepeMeHHasl (| Ha3bIBAaCTCs KBA3UMMITYJILCOM, TIEpEMEHHas | - Ha3pIBaeTCss HOMEPOM 30HBI,
TEM CaMbIM UHJICKC O ={q, I} .
CriexTp cOOCTBEHHBIX 3HEPruil MpeACTaBIsIeT COO0M 30HHYIO CTPYKTYPY, Ha0Op KpUBbIX E, (q) ,

nepuoauveckux B oOpatHol peuietke. [IpumepHbIil BUA 30HHOTO CEKTpa NpUBEIEH Ha
Pucynke 6.

v

Oy

Pl \

R
a,

Pucynox 6.30HHBIN CIIEKTp 3JEKTPOHA B KPUCTATUTUYECKOM pelIeTKe B 30HE
bpuntosHa. 3aBucuMocTs dHepruu E, (qx) OT KBAa3UUMIITYJIbCA JUISl PA3HBIX

30H. [Tokazano ceuenne k, =k, =0

HanomHuM noHsiTue 00paTHOM pelieTku U 30HbI bpuintosHa .

4.2 ObpamHas pewemka u 30Ha bpunnrosHa

OO0paTHOI1 pelieTkoi Ha3bIBaeTCsl pellieTKa B MPOCTPAHCTBE KBAa3UUMIYIbCOB ( , 3JIeMEHTapHOM
suerKoi KoTopoir K Ha3bIBaeTCs MHOXKECTBO, KOTOPOMY TIPUHAJICkKAT BEKTOpa ( ,
YIOBJIETBOPSAIOIIKE YCIIOBUIO

K={q 0<dqa <27} (3.57)

bazucHbie BekTOpa 00paTHOM pElIETKH JIETKO HAXOASTCS, TaK YTO (ai b. ) =2rir
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b, = 2n[azva3] b, = Zn@ b, = m@ v=(a[aa;]) K = (b,[b,bi]) :@(3.58)

3/1ech yepe3 V Mbl 0003HAUMUIM 00bEM dJIeMEHTApHOU SIYeiiky IpsIMOM pelieTky, a yepes K -
0o0beM oOpatHoO# pemierke. OOpaTHas pelieTka

=mb, +m,b, +m,b, (3.59)
TI0JIE3HA TEM, UYTO TIEPUOJMIECKAs B PSIMOH penieTke GpyHKuus U, | (r ) paznaraercs B pax Pypbe

10 BeKTOpaM oOpaTHOI peleTke

u,, (r)=>_ 8, expigr (3.60)

cymMMa, (hakTHdecku Oepercst 1Mo BceM IelbIM unciaaM M, i =1,2,3

OTcroza 1erko BUAETh, YTO KBA3UUMITYJIbC OIPEIEICH C TOYHOCTBIO JO BEKTOpa 0OpaTHOM
pemieTku. [{nst 6ecCKkOHEUHOTO KpHCTasla HEBO3MYILEHHbII raMUIbTOHUAH 3alUILETCs B BUE

3
HO :ZEasaaaa _Z I )als(q)d—q3 (361)
P = 8z (27m)
r7e MHTETrpai OepeTcs 1o JIEMEHTApHOH siueiike 00paTHOM pelieTKH, Ha3bIBaeMOM 30HOM
bpunntosna. 3ona bpusttosHa onpezensiercss Kak MHOXKECTBO TOUEK, PACTIONIOKEHHBIX OJIMkKe K
OJIHOMY U3 Y3JI0B 0OpaTHOM pelIeTKH, YeM K JIPYTUM, U TEM CaMbIM yJOBJIETBOPSIOIINX
COOTHOLLIEHUIO

={q, -m<(a0)<7} (3.62)

OHa TaK)Ke IMPEJICTaBIISIET AIEMEHTAPHYIO STYeKy B 00paTHOM MPOCTPAHCTBE,
Kak y)xe oTMeuanoch, KBa3uUMITYJIbC ONPEAEICH ¢ TOUHOCTbIO /10 BEKTOpa 0OpaTHOM pelIeTKH,
MTOCKOJIbKY

B, (r+N) =expf{iaN} ¢, (1), exp@ +g)N = exmN (3.63)
6mo0x0BcKast QyHKIMS U SHEPTUS SBISIFOTCS EPUOMUECKUMH (DYHKIMSIMHA B 0OpaTHOM peleTke
#0,(1) =00, (1), El0+9)=E() (3.64)
Paznoxxenne nponsBoiabHON QYHKIMYU N0 GI0XOBCKUM (DYHKIMSIM HMEET BUA
d%q
r)= C N-—m-ss 3.65
) ZJZ Q¢q,l ( )(2”_)3 ( )

rJie MHTerpai 6epercs Mo 371eMEeHTapHOU siueiike 0OpaTHO pelieTke, a CyMMa o HOMEpaM 30H
u cnuHaM. [leproanueckue cocTaBsIonMe OJI0XOBCKUX (DYHKIUNA TPU COBIAAAOIINX
BOJIHOBBIX BEKTOpaxX MOTYT ObITh opTOHopMI/IpOBaHHLI 10 UHJCKCY 30HBI

juq, (r)dr=9,, (3.66)

a camM OJ10XOBCKUE (PYHKLHUH, AJ11 OECKOHEYHOTO KpUCTalljla HOPMUPOBAHBI KaK (QyHKLIMU
CIUTOITHOTO CIIEKTpa (C TOYHOCTHIO 10 BEKTOpa 00paTHON PEeLICTKH)

[20.(1)8,...()d°r =(27)°5,, > 06,4, 0) (3.67)

KOMMYTaIlI/IOHHI)Ie COOTHOIICHUA COOTBETCTBYIOT YCJIOBUSAM HOPMUPOBKH

anrlla;z:lz +a;2x|2aQ1y|1 (2”) JI IZJ3 (ql_qz)
Ecnu Mel Bo3bMeM kpucTaia koHeyHoro pasmepa V =N, N 2N3(a1a333) =NN,Ny , To cnexrp

KBa3WUMITYJIbCOB CTAHCT NUCKPCTHBIM

q—:l‘ib+:l‘2b +E3b3 (3.68)

1 2 3
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Y YHCIIO COCTOSIHMM B KaK/10 30HE, IPH (PUKCHPOBAHHOM | , CTaHET KOHEUHBIM M PaBHBIM YUCITY
snemenTapHbix siyeek B kpucramie N = N;N,N, =V/v. D1o 6e3 yuera crimHa. B sToMm ciryuae

BTOPUYHO KBAHTOBAHHBIC OIICPATOPbI MOKHO KOMMYTHUPOBATh HAa CUMBOJI KpOHeKepa TAaKXC U
10 JUCKPETHOMY KBa3UHUMITYJIbCY U COCTOSIHUA MOXHO HpOCTO CUUTaTh

aﬁlvlla(:zylz aq aq |1 | o qsl,q2 (369)
COOTB@TCTBeHHO, BTOPHUYHO KBAHTOBAHHBIM raMWJILTOHUAH TAKKE NEPCIINUICTCA YE€PE3 CYMMY
Hy=Y E,.aa,=> E(a)a(a)a.(a). (3.70)
a,s l,s,q

KOTOpast 6epeTcst 1Mo pa3pelicHHbIM 3HaYCHHUIM KBasunMmiybcea (3.68). /111 3Toi cyMMBI
MOXHO, KaK 00BIYHO, JIaTh MPUOIMKEHHOE BhIPAKEHUE Yepe3 UHTErpai no 30He bpuiiosna
d®k
Z f(k)=Vv j (3.71)

2 (2m)”
rae V = Nv-nosHelit 06beM kpucTaiia. Oneparopsl poskIeHUSI U YHUUTOKEHHS B 3TOM
JUCKPETHOM TIPEICTaBICHUN Oe3pa3MepHbI. DIIEKTPOH-(HOHOHHOE B3aUMO/ICHCTBUE B HOBOM,
0JIOXOBCKOM, Oa3nce MpUMeET BU/T

_ d’q, d’q
He—ph _ags(é\/)aﬂ asaﬂs EJK‘ 0y 0s |1|2aq N saqzlzs( IT) (2”)23 (372)
a ManI/IqHBIﬁ JJICMCHT 3HeKTpOH'(bOHOHHOrO B3aPIMOI[eI>iCTBPIﬂ
N), , I¢ N ()b )dr. OV()=-27 OV N ) (3.73)
N

Tenepb HaM HYXXHO HalTH JUHAMHUYCCKUC YPAaBHCHUA IS (i)OHOHHLIX MNEPEMCHHBIX U HAalTUCAaTb
C)HCKTpOH'(bOHOHHBIﬁ TaMWJIbTOHHUAH B 3dMKHYTOM BHJC.

5 ®OHOHDI

Kpucrannuueckast pemierka aroMoB yI€p>KMBAETCsl B PaBHOBECUU CUJIAaMU XUMUYECKUX CBA3EH,
00yCIIOBJICHHBIX B3aUMOJICHICTBUEM JICKTPOHOB C MOHHBIMU OocTaTKaMu. C TOUKH 3pEHUs
JBUKEHHSI aTOMOB, 3TH CUJIbI IIPEACTABISIOT COOOM CUJIBI YIIPYTOCTH, U C PEHOMEHOJIOTUYECKOM
TOYKHU 3pEHUS MOTYT OBITh CMOJCIMPOBAHbI IIPYKUHAMHU OIPEICICHHON AJIMHBI M OTIPEIETICHHOM
HKECTKOCTH.

5.1 Aduabamuu4eckoe npubnuxeHue bopHa-OnneHzelimepa

OueHuTh mapamMeTpbl 3TUX YIPYTUX CUII MOKHO, pACCMOTPEB MPOCTYIO 3a7jauy O KoJjiebaTeabHbIX
CTeTeHsIX CBOGO/IBI MOJIEKYIIIPHOTO MOHAa H. , CHCTEMBI COCTOSIIEH U3 IBYX TIPOTOHOB U

OJIHOTO 3IIEKTPOHA. B crcTeMe ecTh Mallblii ITapameTp, oTHoweHne Macc MM <1, uro

MO3BOJISIET PACCMOTPETH 3aJauy ¢ IIOMOLIbIO a1nabaTUUECKOTO MPUOIMKEHHS], TPEIIOKEHHOTO
bopraom u OnmnenreiiMepoM. M3-3a TOro 4T0 HOHBI TSXKEIbIE, OHU IBUXKYTCSI MEJIEHHO IO
CPaBHEHMIO C JIEKTPOHAMH, B KaUeCTBE NEPBOT0 MPUOIMKEHNS MOKHO PELIUTD IEKTPOHHYIO
3ajady B I10JI€ IBYX IPOTOHOB, NIOJI0KEHNUE KOTOPBIX (PUKCHPOBAaHO. DTa 3a/1a4a MOKET ObITh
pellieHa, U YpOBHU 3HEPTUH JIEKTPOHA, KaK PYHKIUS PACCTOSHUS MEXKY sSApaMH, MOTYT OBbITh
HaliieHbl. OTH KpUBBIE, Ha3bIBa€Mbl€ 3JICKTPOHHBIMU TEpPMaMH, KaUeCTBEHHO N300paXkeHbl Ha
Pucynke 7.
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PucyHok 7.3aBUCUMOCTb HEPIHH NIEKTPOHA OT PACCTOSIHUS MEXY ABYMsI IPOTOHAMH.
OCHOBHOE IEKTPOHHOE COCTOSIHUE UMEET MUHUMYM, COOTBETCTBYIOLIMN YCTOMUNBOU
XMMHMYECKOM CBA3H. 3aBUCUMOCTb SHEPIUH IIEKTPOHBI OT PACCTOSHUS UMEET CMBICIT
HOTCHHHaHBHOﬁ OHEPIUU IJid ABMKCHUA ITPOTOHOB

HMHTepnpeTupysi OCHOBHOM JIEKTPOHHBIN TEPM KaK NOTCHIIUAIBHYIO SHEPTUIO B3aUMOICHCTBUS
IIPOTOHOB, MBI MOXKEM HAIMCATh KIACCUYECKUE WM KBAaHTOBBIE YPABHEHMSI IBUKEHUS IPOTOHOB
B noJie (PMKCUPOBAHHOTO NMEKTPOHHOTO TepMa. [ ManbIX KojebaHuii BOIU3U COCTOSHUS
paBHOBECHS KIaCCHUYECKasi AMHAMMKA ONUCBHIBACTCS yPaBHEHUEM

2
oM =~ 195 (9)
2 od® | .

MPEACTABIISAIONINM KIIACCHYECKOE YPaBHEHUE ABUKEHUE HOHOB. XapaKTepHasl 4acTOTa JIETKO
olieHUBaeTcs. JlelcTBUTEIbHO, XapaKTepHbIil MacllITad pacCTOSAHUS MEXAY IPOTOHAMH, 3TO
XapaKTEpHBIM pa3Mep aTromMa BOJAOPOA, SHEPTHsl CBSI3U — MOPsIIKa HECKOJIBKUX 3JIEKTPOH-BOJIBT,
TOK€ KaK B aTOM€ BOJOPOAA, TOrAa

, (4.1)

1
Q- =5 (4.2)
4M ag
m
WJIK, Ha SA3BIKC OTHOIICHHA MNPOTOHHBIX U 3JICKTPOHHLIX YaCTOT Qp ~ Ma)e [Tocne Takoro

paccyXJIeHHsI O MPUPOJIE CUJI YIPYTOCTH B KpUCTAIIE, PACCMOTPUM JTMHAMUKY ITPOCTOU
OJJHOMEPHOM LENIOYKHU MOJIEKYII.
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5.2 BbeckoHe4yHasi OOHOMepPHasl yerno4yka

3anuiieM cHavyalla KJIacCMUeCKOe YpaBHEHUE JABUKEHUSI OJJHOMEPHOM 1IENOYKH, U300paKeHHO I
Ha Pucynke
8.

X1 X, Xos

o~ OO OO OO

DTO ypaBHEHUE UMEET BUJL
M, = 52 [ (Xpa =%, ) = (% = %) ] (4.3)
3JIeCh X, €CThb CMEILEHUE N-T0 aToMa U3 MOJ0KEHHs PABHOBECHS, PABHOBECHBIE PACCTOSHHUS

0603HaunM OykBo#l &. byzaewm uckath ero peuieHue B Buje npeobdpazobanusi Pypre o HOMEpPY

N, KOTOPBIC, MPSIMOC U 06paTH06, UMCHOT BU
mja

X (k) =>"x, exp{-ikan}, x =a I k) exdikan} g; (4.4)
n -mja
st 0606menHoi koopaunatsr X (K)
| MX (k) - 5[ (expika— ) - (1 exyika) ] X (k) ex(]kan)i—l:l (4.5)

OTKYy/Jla moJiydacm
MX (k) - [ (expika~1) - ( 1~ expka) | X (k)= (4.6)
KOTOpPOE Mbl MOKEM 3aIucaTh B opMe ypaBHEHHs] TapMOHUYECKOT0 OCHUIIATOPA

X(K)+Q7(K) X () =0, Q2(K)=47sin*2 (.7)

1, TaKUM 00pa3oM KJIACCUYECKYIO 3a/lauy peliuTh. Tenepb pelnM KBaHTOBYIO 3a1ady.
Omnpenennm Kkiaccuueckuii uMmynbe P, = MX, ¥ 3anuiieM K1acCu4ecKuii TaMUIbTOHUAH U

KITAaCCUYCCKHE YPaBHCHUA NIBUXKCHUS

2
H=Y pn Rt ZX'“) %, :%, B = =2 (2% = %t = %) (4.8)

JJId TIepexoJa K KBAHTOBOM MEXaHHKE 6y,21€M CUUTaTb UMITYJIbCBI U KOOPJAUHATHI OII€paTOpaMHu,
YAOBJIETBOPAOIIUMU KOMMYTAallUOHHBIM COOTHOILICHUAM

anI _XI pn = _Ihdnk (49)

JlnaroHanau3yeM 3TOT FaMUJIbTOHHAH MpeoOpa3oBaHusMu Tuna (4.4)Hanucas ele
npeoOpa3oBaHusl JUIsl UMITYJIbCOB

P(k)=3 p,exp{ ke, p, = J P(K) exikar) 92 (4.10)

Sn T

yOeaumcs B mpaBWIbHOCTH (hopMylT 0OpallieHus
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us

'[meexp{—lkam} exp{lkan}i—l:‘—.[ exgika 16— m} Z me o
o . - i (4.11)
)= 2 exe{i(k ~Kk)an) jp dkia = 75 (ka-ka- mm)jp(kl)d—zkfz ()

-

BTOpast GOpMysia OCHOBAHA HA PAaBEHCTBE Ilm Z €™ =2 (z-27m)

n——DO

Junaronanuzanus

H=H-= an+ Zn:( _Xn—1)2:
- | (k)P(‘k)+MQ(k)X(k)x(—k)dka (4.12)

2M 2 2m

i/
rJie KBaJpaT 4YacTOThI OMPEICTICH TeM )K€ COOTHOICHHEM, uTo | (4.7).
JleTanbHO, BBIKJIA/IKA BBITJISAUT Kak

(%,=%,4) = ] (1) X (ke dl:l, (%,=%,) = | (1-7) X (i, Johm 2

gt et 21T
gf 2/ (ka+ k) (1-e™) X (k)%_ﬂ (1-e™) x (kl)d—;:‘ =

” f —i i dka
E:[T(l_e ka)(l_eka)X(_k)X(k)z—ﬂ
Tunmunast 3aBUCUMOCTE YaCTOTEI OT BOJTHOBOT'O YHCJIa IpUBCACHA HA

Ecnu nenouka koHe4Ha, U, HAIpUMEP, 3aMKHYTa, TO npeodpazoBaHusi Pypbe HECKOIBKO
MOIUPUIHMPYIOTCS
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Pucynoxk 8. Jlucniepcust poHOHOB B MPOCTOM OJHOMEPHOU TETIOUKe, TJIC Ha OJIHY SYCHKY OJTUH
atoM. Ecnu pemierka KOHEUHa, TO YUCIIO MOJI PAaBHO YHCITY STYEEK.

N-1 N-1
X (k) =Y x.exp{-ik.an} . x == X (k,) exfik.an} , ky=2m (4.14)
n=0 N m=0 Na
CIICKTP pa3spClICHHBIX 3HAYECHUI BOJIHOBOTO YHCJIa CTAHOBUTCS JAUCKPCTHBIM, a 061]_[66 YUuCJI0
HOpMaJIbHBIX MO/, KOHECYHO-XE€ paBHO YHCITY HaCTHUL B HCTIOYKEC UJIK YK CITY 3JIEMCHTAPHBIX
ssyeek. Bce oueHb MoX0ke Ha QJICKTPOHHYIO 3a/1avy.
WTak, B MOJIOBOM IIPEICTABICHUH MBI MTOJIYYUIM YPABHEHNE TAPMOHUYECKOIO OCHUIUISTOPA,
CANHCTBCHHBIM OTJIMYUECM SBJISICTCA KOMIIJICKCHOCTD (HeBpMI/ITOBOCTI)) HOPMAJIbHBIX MO/JI
WMIYJIBCOB U KoopauHatT. OHU, OJIHAKO, YIOBIETBOPSIIOT YCIOBHUIO

X (k)=X*(-k), P(k)=P"(-k) (4.15)
MOCKOJIbKY OHH SIBIISIIOTCS Dyphbe MpeoOpa3oBaHUAMU JICHCTBUTEIBHBIX IEPEMEHHBIX UITU
KBaHTOBOMEXaHMYECKUX IPMHUTOBBIX ornepatopoB. U3 dpopmyin (4.4) (4.10u (4.14)cnenyer kak

0OBIYHO, YTO Ha OJTHO COCTOSIHME B K TpocTpaHCTBE MPUXOAUTCS 00beM (0THOMEPHBIIA)

Ak:Z_IT:Z_IT
L Na

KakoBsl KOMMYTAallMOHHBIC COOTHOIICHUA JJIsI HOPMAJIBHBIX MO/. DTO JIETKO BBLIYUCIUTD

P.X =X P, =-ihd,,
P (k) X (k,) - X (k,) P(k,) = -inY exp{ ik an—ik al}3,, =-2%""5(k1+k2)

W3 Bupa 'amMunbTOHMaHa 1 KOMMYTAlIMOHHBIX COOTHOLLIEHUH YA00HO MepeonpeieanThb
HOpPMaJIbHbIE MO/Ibl, YTOOBI OHU €CTECTBEHHBIM 00Pa30M IEPEXOANUIH B CIUIOIIHYIO Cpeay

npua — 0. BBeaem HOBbIe HOPMaIbHBIC KOOPAMHATHI q(k) =ax (k) , p(k) =a p(k) TOr/1a

(4.16)

ramMuiabToHUaH (4.12)npuMer BU

o nla p(k;sl(—k) N MQZ(k)qz(k)q(—k)%T 4.17)

-nla

a KOMMYTaI[HOHHBIC COOTHOILICHHS, BMeCTO (4.16)npumyT BU
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p(k)a(k,)-a(k,) p(k,) =-2mnd(k,+k,)
Q(ki)Q(kz)_Q(kz)Q(kl):o (4.18)
p(k) p(k,) = p(k,) p(k,) =0

CBs13b HOPMAJIBHBIX MO C p€aJIbHbIM CMCIICHUECM aTOMOB IIPpUMET BU

a(k) _ %
N Z x, exp{ -ikan}, x, = \/__i/a ) exdikan} o (4.19)
Teneps o0e3pazmMepuM raMuJIbTOHUAH
. nj 10K p(k) p(-k) , MQ(K)q(k)a(k) | dk (4.20)
—77la 2M hQ (k) z—l 27T '

TakK, YTO BEJIMYMHA B CKOOKaX CTAaHOBUTCS Oe3pa3MepHO M BBOJIUM ONEpaTOPbl POKACHUS U
YHUYTOKECHUS

MQ(k) _A(k)+A"(-K) 1 _ A(k) = A" (=k)
5 ak)= 2 Mne(k) plk)= N

4TO NpUBOAUT HAC K CTAHAAPTHOMY r'aMHUJIbTOHUAHY COBOKYITHOCTH TapMOHUYCCKHUX
OCHUJLIATOPOB

mla + + nl

A(K) A" (k) + A" (k) A(K) dk _ ™ dk
H= | nQ(k —= [ nQ(k)(A" (k) A(k)+ 2@ (k-k)) = (4.22

REC . == [ nQ()(A () AlK)+2m(k-K)) = (4.22)
9TO, 32 BBIYETOM YHEPTHU HYJIEBBIX KOJICOaHUH, BEIpakaeMoi O - GyHKIMEH B HyJIe, TPUBOIMT K
0OBIYHOMY OIHOMEPHOMY (DOHOHHOMY FraMWJIbTOHHAHY

Ho= | 190K A (k) AK) X

(4.21)

-mla

(4.23)

-rla

KOMMYTaHI/IOHHI)Ie COOTHOLICHUS HJIA onepaTopOB pO)K)IeHI/ISI nu YHI/ILITO)KCHI/ISI CJ'ICJIYIOT nu3
(4.18)

k)=
(k,)=0 (4.24)
)

iy SR, s AL
M UMEIOT OO30HHBIA BUJL

(A(k) Ak,) = A(k,) Ak,) =0, (A" (k,) A" (k;) - A" (k) A" (k) =
A(kl) A (kz) -A (kz) A(kl) - 2”5(k1_ kz)

Tenepb HeTpyIHO 3anucaTh BEIPAKECHUE TSl CMEIIEHUS] aTOMOB Yepe3 ONepaTopbl POXKIACHUS U
YHUYTOXEHUS (POHOHOB

(4.25)

[ . Lok
X, = j/ We‘(k)(A(k)m (~K)) exp{ikar} 2~
ja 3 | o (4.26)
i/a —ZMQ(k)(A(k)e +A"(K)e )Zr

Bropas ¢popmyna siBHO 1eMOHCTPUPYET IPMUTOBOCTb ONIEPATOPa CMELICHUSI aTOMOB U
JIOTIyCKaeT SIBHBIM NIEpeX0 K CIUIOIIHOM cpene. s HernoYKu KOHEUHbIX pa3MepOB YUCIIO
(OHOHHBIX MOJI KOHEYHO U PABHO YMCIY 3JIEMEHTAPHBIX sSiYeek B Lienoyke. B cruiomHoi
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KOHEYHOU cpefie Yuciio (POHOHHBIX MOJT OECKOHEYHO, HO CYeTHO. [TokaxxeM 370, penvs
OJHOMEPHYIO 3aJ]a4y ¢ KOHECUHBIM YMCIIOM aTOMOB.

5.3 KoHeyHasi oOHOMepHas yerno4ka

YpaBHEHHE NO-TIPEKHEMY UMEET BUJL
M5, = s (X0 =%,) = (%, = %) ]
34ECh Xn €CTh CMCLICHHUC N-r0 aToMa U3 NOJIOKCHUS paBHOBeCI/IH, paBHOBeCHBIe paCCTOHHI/Iﬂ

0003HauMM OyKBOH @, HO 1leNoYKa Tenepb KOHEUHa, a TPaHUYHbIE YCIOBUS — IEPUOJUUECKUE
X, = Xy . byneMm uckate ero peuieHue B BUJ€ JMCKPETHOTO npeoOpasoBanus Dypwe 1o HoMepy

N, KOTOphle, MpsIMOE U 00paTHOE, BEIOEpEM B BUJIE, Y10OCTBO KOTOPOTO CTAHET OYEBHUIHO
no3zaHee. B Takoil HOPMUPOBKE €CTECTBEHHbIE U HOPMAJIbHbIE KOOPIMHATBI OYAYT BBITJISAACTD
MOJHOCTBK) CUMMETPUYHO.

X(km>=%gxnexr>{-ikman}, xs%NZ:)X(km) exgikyan} , km:Nﬂ;m (4.27)

s 06o6menHoi koopauHatsr X (K)
N-1
> MX (k)= [ (expik,a- 1 - (1= expk,a) | X (k,) exfik,an)= (4.28)
m=0

OTKyJa TI0JTy9aeM Te )Ke YpaBHEHHsI, TOJIBKO JUIsl TUCKpeTHOTO K

MX (k) =3[ (expik,a= 1 - (1= expk a) | X (k,) = | (4.29)

KOTOpPOE Mbl MOKEM 3arucaTh B popMe ypaBHEHHs] TapMOHUYECKOTO OCHUIIATOPA

X (k) +Q? (k) X (k,) =0, Qz(km)=4ﬁsin2% (4.30)

U, TAKUM 00pa3oM KJIaCCHUUYECKYIO 3a7jauy pelinTb. 3aMeTHM, YTO YKCII0O HOPMAJIbHBIX MO/l pPaBHO
YHCIly aTOMOB, KaK U JIOJKHO OBITb.

Teneps pemnm kBaHTOBYIO 3ajauy. Onpeaenum KIacCUueckuii uMmynbe P, = MX, u 3anumiem
KJIACCUYECKUM TaMUJIbTOHUAH U KJIACCUUECKUE YPAaBHEHUS IBUKEHHUS
2 _ 2
H=Y B L6 %) % =P
) )
~ 2M 2 M

JJId TIepexoJa K KBAaHTOBOM MEXaHHKE 6y,21€M CUUTaTb UMITYJIBCBI U KOOPJAUHATHI OII€paTOpaMHu,
YAOBJIETBOPAOIIUMU KOMMYTAallUOHHBIM COOTHOIICHUAM

anI - XI pn = _Ihdnk (432)

JlnaroHanau3yeM 3TOT FaMUJIbTOHUAH MpeoOpa3oBaHusMu Tuna (4.27)Hanucas euie
npeoOpa3oBaHusl JUIsl UMITYJIbCOB

P(M):%ipnexp{—ikman}, pn:%NZ;ZP(M) exdik,an} , km:Nﬂ;m (4.33)

ybenumMcsi B IpaBUILHOCTH (opMyJT 0OpallieHusl, OCHOBAHHOW Ha PaBEHCTBE

NT _ 1 1-exg 2zi(n-l)}
%n;)exp{lkma(n—l)} _%1_ expp{[zn' (n—I)}} =0, (4.34)

P = =32 (2% = %y = X1) (4.31)

— 1
N

OTKyJia cilemyer aist X, P,

xn:% :erxp{ikmca(n—l)}=|2><,5m=xn (4.35)

n s X (knJ,P(km)
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X (k)exp{i(k —k,)an} =>" X (k)4 . (4.36)

BTOpasi popmMysia ToKe OCHOBaHa Ha paBeHCTBe (4.34)
JluaroHanusaius raMUJIbTOHUAHA TIPUBOIUT HAC K BHIPAKCHHUIO
“1P(k,)P(-k,) MQ?(k,)X(k,)X(-k
m=0

rJie KBaJpaT 4acTOTHI OMPEIC/ICH TEM K€ COOTHOIIIEHHEM, uTo | (4.7).
JleTansHO, BEIK/IAKA BBITIISIIUT KaK

N

<%-&J=j%§}k€“ﬂanéWt(&—ag=:hzx1emﬂ (k)& ™,

N =

% n Nmzm(l_e_ikma)x(km)ék an|:0(1 g ika )X(kl)eik@n:

H

(4.38)

Wtak, B MOJIOBOM IPEACTABICHUN MbI TIOJYUHIIA YPaBHEHHE TAPMOHHUYECKOTO OCIMILIATOPA,
CIMHCTBCHHBIM OTJIMYHMEM SIBJIIETCSI KOMIUIEKCHOCTh (HEIPMUTOBOCTH) HOPMATbHBIX MO/
HUMITYJIbCOB U KoopauHat. OHHU, OJHAKO, YIOBJIETBOPSIOT YCIOBUIO
v — v+ 3 D
X (kn)=X"(=k,), P(k,)=P"(-k,) (4.39)
MOCKOJIbKY OHH SIBIISIIOTCS Dyphe MpeoOpa3oBaHUSIMU ICHCTBUTEILHBIX IEPEMEHHBIX UITH
KBaHTOBOMEXaHUYECKUX IPMUTOBBIX oriepatopoB. M3 dopmyn (4.27) u (4.33)cnenyer kak
00BIYHO, YTO Ha OJJHO COCTOSIHME B K IpocTpaHCTBE MPUXOAUTCS 00beM (0OHOMEPHBI)
2T _ 2
Ak=—=—
L Na

KakoBsl KOMMYTAallMOHHBIC COOTHOIICHUA IJIsI HOPMAJIBHBIX MO/I. DTO JIETKO BHIYUCIUTH

P.X =X P, =-ihd,,
P (k) X (k) =X (k;) P(k,) ==ing, -

DTUM BUIOM KOMMYTallUOHHBIX COOTHOIICHUM U 00YCIOBIICHO YI0OCTBO BEIOpaHHOM
HOPMHPOBKHU. Tenepb o6e3pa3MepHM raMWIbTOHUAH

H= ZhQ( m)[ é:ﬂmigg;mk;h'\/'g(km)xgm)x(_km) (4.41)

TakK, YTO BEJIMYMHA B CKOOKaX CTAaHOBUTCS Oe3pa3MepHO M BBOJIUM ONEPaTOPbl POKACHUS U
YHUYTOKECHUS

(4.40)

A(K)+ A" (k) 1 A(k)= A" (k)

X (k)= , P(k) = 4.42
W V2 M7Q (k) ) iN2 (442
rie (hOHOHHBIE ONEPATOPHI POXKICHUS U YHUUTOKCHHUSI TIOAUYNHSIOTCS 0030HHBIM
KOMMYTAallUOHHBIM IUCKPETHOI'O CIICKTpa

Ak ) A (ko) — A (k) Ak, ) =3, (4.43)

m,]

3anuniem BBIPAXKXCHUC JJIA ori€paTopa CMCUICHUS NOHOB UCPE3 ONCPATOPLI POKACHUA U
YHUYTOKCHUA
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- NZ:l ZMQ(k )(A(krn)+A+(_km))eXp{ikman} (4.44)

CMGH.[CHI/Ie HOPMHPOBAHO Ha KBAHTOBYIO IJIMHY.

5.3.1 HenpepbiBHbLIN Npeaen AN KOHEYHOWU Lieno4Ku

Tenepb 3aaauM BOIIPOC, KaK MEPEUTH K HEMTPEPHIBHOMY MPEACTY TSI IIEPUOINICCKON CHCTEMBI
M

M - 0,a- 0,—=p,N - o ,Na=L ,an=x. ®uzudecku, 3Ta CUCTEMa NPEACTABIISICT
a

HENPEPBIBHYIO YIIPYTYIO Cpey JIMHbBI L 3aMKHYTYI0 B KOJb1I0. OG03HaUMM CMEIlIeHHE
cpenpru (X,t) , TOTJ]a ypaBHEHUE pacCcMaTPUBAEMOM CUCTEMbI MPEeBpallacTCs

Mi(na) = %[(u(na+ a)-u(na))-(u(na) —u(na—a))] (4.45)

Jlanee, cuuTas, YTo Na = X sABJISICTCS HENPEPBIBHOM MEPEMEHHOM, pa3jaraeM MpaByro 4acThb B

psn Teilnopa, mosrydaeM BOJTHOBOE ypaBHEHHE C IIOTOHHOM MacCoBO#l IIOTHOCTRIO P =M /a u
2

. 2 _X _
TMOINOHHOM YIIPYTOCTBIO Y = 2@, CKOPOCTBIO 3ByKa S° =— = M
M d%u d°u
—U(X)=s»wra— - pol(Xx)=xy— 4.46
SU() = s g - p(X) = xs (4.46)
H IEPUOINYECKUMHU T'PaHUIHBIMHA YCIIOBUSIMA U (O) =u ( L) . CKopoCTh 3ByKa MOJIy4aeTcs
npeaenbHbIM niepexoioM ka — 0. CriekTp cOOCTBEHHBIX MO/JT AUCKPETHBIN
1 . 27mm
U, (X)=—=expik X, =— 4.47
. (X) = F=expikx, K, == (4.47)

Y IPOU3BOJILHOE CMEIICHHE pa3iiaraeTcsi Mo COOCTBEHHBIM MO)IaM Kak (pa3MepHOCTD)

u(x,t)=%zm:qm(t)exp(ikmx) a, (t J_j x 1) exg-ik x) (4.48)

U(xt) =2 am (), () Iukm (x)u(xt) (4.49)

0

OtH HOPMYITBI MHTEPECHO CPABHUTH C JAOTIPEIC/IbHBIM BhipakeHueM (4.27).3ameuast, 4to
L

N-1- 00
lima Z f (na) = j f (X)dX IyTeM NpeIeIbHOTO Mepexo1a MPUX0IUM K GopMyIIam,
a-0 -0 o
uneHTHIHbIM (4.48)

X (ky)=

N -

._‘

2‘.;
o))

x, exp{ -ik,an} - q(k,

n=0

X (k,)exp{ik,an} - u(x)=

——m a(ky) =X (kn)a

T.e. MOXHO OBLJIO MEPEUTH K MpEJENy U Cpa3y
CrpaBeyiuBOCTh (hOpMYIT 0OpalieHust IpOBePsIeTCs HEMOCPEACTBEHHO.
Teneps HaZ0 3anKUcaTh TaMWJIBTOHWAH B MOJIOBOM MPECTaBICHUU.

-

i u(x) exd ik, xpdx

pd

-1

X = a(k,) exqik,x} (4.50)

a\~
7 e

m=0

:15\‘“
i
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. ;Z-lm(km){ww(—km) . MQ(M)X(M)X(-M)} .

= 2MrQ (k) 2n (451)
S p(Kn) P(ky) , £2(K,)a(K,)a(-kK,) |
mzwhﬂ(ﬁ)[ 20hQ (k) ' 2n
[Tepexon k oneparopaM poKACHUS U YHUUTOXKEHHUS ACJIACTCS KaK U paHbIIIe
pQ(k)q(k): A(K)+ A" (k) 1 o(K) = A(K) - A" (-K) (4.52)

h V2 - JonQ(K) iv/2

["amunbTOHMAH MpeCTaBsACT COO0N CyMMY MO TUCKPETHOMY CIIEKTPY, HO CIEKTp TErepb
OECKOHEUEH

c + 1 = +
H = ZhQ(km)(A (k) A(K,) +§) =3 0 (k,) A (k.) Alk,) (4.53)
m=0 m=0
31ech onepaTopbl POXKICHHUS M YHUUTOKEHHUsI Oe3pa3MepHbl 1 KOMMYTUPYIOT HA CUMBOJT

h
Kponexkepa! PasmepHocTh npaBunbhas  |[—— =|,-kBaHToBas mvHa.

a2
u(x)= } Sl i(Am) A" (k) exe{ik 4

\/7 / k.,)exp{ik, )} + A" (k, )exp[—ikrnx})

Bropast popmyna sBHO JeMOHCTPUPYET 3PMUTOBOCTDH OTIEpaTOpa CMEIIEHUsI aTOMOB U

(4.54)

JIOTIyCKaeT SIBHBIM NIEpeX0] K CIUIOIIHOM cpene. s HernoYkyu KOHEUHbIX pa3MepOB YUCIIO
(OHOHHBIX MOJI KOHEYHO ¥ PAaBHO YMCIY 3JIEMEHTAPHBIX sSiYeek B Lienoyke. B cruomHoi cpene
4qrcia0 (GOHOHHBIX MOJT OECKOHEUHO, HO CUETHO. PeInB MpoCcTyo OJHOMEPHYIO 3a/1a4y, MbI
ceifuac BO BCECOPYKUH, UTOOBI PELIMTh TPEXMEPHYIO 3a/1ady.

5.4 ®oHOHbI 8 3-D kpucmasnne

5.4.1 Knaccuyeckas Teopus

HauHneM ¢ Kitaccnueckoro ypaBHEHHUs IBU>KEHHSI HOHOB B TPEXMEPHOU KPUCTAIIIMYECKON
pernieTke, n3o0pakxeHHOU Ha Pucynke 5. B oTirune oT olHOMEpHOM 1IenoYKH, ceilyac
OTKJIOHEHHUS1 aTOMOB €CTh BEKTOpa M 3aBUCAT OHU OT BEKTOPHOTO MHJEKca Z, , €CIIU Ke B

3JIEMEHTApPHOM STYEHKE COJNCPIKUTCS HECKOJILKO aTOMOB, TO /ISl ONTUCAHMS CMEILICHUST ITUX
aTOMOB HaJ0 100aBUTh MHJEKC O , HyMEPYIOIINI 3TH aTOMBI Z , . MBI paccMOTpHM ciIy4aii

MIPOCTOM PELIETKH, KOT/1a B OJJTHOM 2JIEMEHTAPHOU AUEHKE COEPIKUTCS OJIUH aTOM.
Knaccnyeckue ypaBHeHHs JBHU)KCHUS MBI 3alIMIIEM B IMaTHON opme

Z, :—ZGLZ NAL (455)
L

r7ie >KUPHbIMU OyKBaMU 0003Ha4YeHbI BekTOpa Z = (ZX , Zy , ZX) :{Zi =1 2,:} , a OykBOH

G :{G ol K=1, 2,:} CHJIOBO TEH30D, XapaKTEePU3YIOIIUI YIPYrOCTh, IBYXHHICKCHBIN
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00BEKT, mpeoOpa3yIoIMiics Kak MPOn3BeeHNE BEKTOPOB, OH yeTHas ynkuust L, GL =G
HHZICKCH&?[ 3aIIMCb TOI'O K€ CaMOI'0 YpaBHCHHUA UMECT BU

Zy :_ZZGi,k,LZkJ\HL
LK

Ecnu B siueiike HECKOJIBKO aTOMOB, TO CHIJIOBOM TEH30p CTAHOBHUTCS TEH30POM €Il U 10
aTOMHOMY WHEKCY. Ho MBI, KaK y)Ke TIOTOBOPHIIMCH, pacCMaTpUBaeM MPOCTEHIITNIA ciTydait
MpocToit pemieTku. JIeiicTByeM Mo aHaIOTHH ¢ OJTHOMEPHBIM CITy4aeM M UIIEM PEIICHUE B BUJIE
pasiioKeHus 10 MOJaM, aHaJIoruaHo Gopmyie (4.4)

Q(k)= ZZ exp{-ikN}, —VJQ(k exp{kN} d (4.56)

TOJIBKO TENEPb BOJHOBOE YHUCIIO IPEBPATUIIOCH B BOJIHOBOW BEKTOP, HOPMAJIbHAsI MOJA TOXKE
CTaJla BEKTOPOM, JIJIMHA 3JIEMEHTapHOM sUeiKU MpeBpaTUiIach B 00beM 3JIeMEHTapHOM sTYeHKH

= (alaz a3) , @ 00JacTh MHTETPUPOBAHUS IPEBpaTHIIach B 30HY bpusitosna

BZ ={k, -m<(ak)<7g}.Ilpoussoaum @ypse npeobpazosanue ot (4.55)
M ZZ exp{-ikN} = ZG Z ., ex-kN}
= —ZGL exp{—lkL}ZZ vr exd-k (N L)}
" oJ1ydya€M BEKTOPHOC YpaBHCHHUE IJI1 HOPMAJIbHBIX MO/J]
MQ(k)=-G (k)Q (k) (4.58)
rie G (k) = 26 L exp{ —ikL} ectb Dypbe npeobpazoBaHue TeH30pa. ITO YpaBHEHHE
L

(4.57)

MEepEenyThIBACT BCE BEKTOPHBIC KOMIOHEHTHI HOPMAJIbHBIX MOJI. DaKTUUYECKU 3TO TPU YpaBHEHUS
JUTSI TpeX KOMITIOHEHT. OTBICKUBAsI pElICHUS B BUJIE TApPMOHUYECKUX KOJICOaHHH, exp{ —iQt} , MBI

NPUJEM K 3a/laue Ha COOCTBEHHbIC 3HAUCHMSI
(@1 -M"G(k)]Q k)=0, (4.59)
pemasi KOTOpy10, Mbl HaliieM TpH COOCTBEHHBIE 4acTOThI, Q, (k) Y TpU COOCTBEHHBIX BEKTOPA

€, ( k) . Mpl OyzneM Ha3bIBaTh UX BeKTOpamu nossipuzanuu. CoOCTBEHHbIE BEKTOPA,
COOTBETCTBYIOILIME Pa3HbIM YaCTOTAM OPTOTOHAIBHBI U MOTYT ObITh HOPMUPOBAHBI
(ea ( k) e, (k)) =0,, . VI3-3a NeliCTBUTENBHOCTH CMEICHUH aTOMOB, BEKTOPA MOJISIPU3ALAN

YIOBIIETBOPSIOT CBOICTBY €, ( k) =€, (— k) . 3aBHCHMOCTb JIUCIIEPCUN HOPMAJIbHBIX MO/ JIJIs

pa3IUYHBIX MOJIIpU3alnii Ioka3zaHa Ha Pucynke 9.
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Pucynox 9.3aBucumocTs nucnepcuu (POHOHOB B TIPOCTOM TPEXMEPHOH pelieTke, Ha OJTHY
2JIEMEHTAPHYIO SIYEUKY MPUXOJUTCS OJIUH aTOM.

OOliiee penieHre ypaBHEHUS U HOPMaJIbHBIX MOJ] ypaBHeHus (4.58)1erko 3anuceiBaeTcs

Q(k) :Za:ba(k)ea(k)exp{—iQa(k)t} (4.60)

rae b, (k) €CThb NPOU3BOJIbHbIC (DYHKIIMH BOJIHOBOTO BeKTOpa. Bo3Bpamascs B Z,, mosydum

OKOHYATEIbHOE pellleHHe KIIAaCCUYEeCKOM 3a1auk 0 KojeOaHusaX KpucTaiuia. Teneps nepeiaem k
KBaHTOBOH 3as1aue. [lepexon k 3-D ciydaro oueBHIeH, HaJI0 KOOPIUHATHI U BOJTHOBBIE BEKTOpa
CUMTATh TPEXMEPHBIMU U BBECTH BEKTOpa MOJISPU3ALIUH.

5.4.2 KBaHTOBOMexaHu4yeckoe onucaHue 3-D ¢hOHOHOB B 6€CKOHEYHOM
KpucTtanne

Kak 06bIuHO, 3anuiieM raMuIbTOHHAH, COOTBETCTBYIOIINH K1acCHYecKoMy ypaBHeHHIo (4.55),
JUIsl 5TOTO BBEJeM umnyiabchl Py = MZ, 1 HanuiieM cyMMy KHHETUYECKOW U NMOTEHIIMAIBHON

SHEpPrui

) —
H:Z Py +ZZNGLZN_L (4.61)
N 2M T 2

I7Ie UMITYJIbChl M KOOPJUHATHI TETIEPh ONIEPATOPHI, YIOBICTBOPSIONINE CTAHIAPTHBHIM
KOMMYTaIlMOHHBIM COOTHOIIEHHSIM, BCE KOMIIOHEHTBI BCEX UMITYJIbCOB — KOMMYTHPYIOT MEXKTY
co00¥, TO e CIpaBeTUBO Il KOOPJIMHAT, @ KOMIIOHEHTHI UMITYTLCOB U KOOPIMHAT
KOMMYTHUPYIOT KaK

—_ 3
PnZiL 4 By =-ihd;, &), (4.62)
Wupexcamu |, | 3mech 0003HaYeHbI BEKTOPHBIE HHIEKCHI. BBemeM HOpMalibHbIE KOOPIHHATHI,

TaK 4ToObI ObLIO YAOOHO MEePEX0UTh K MOJIENIH CIUIOIIHON CPe/ibl, aHAJTOTUYHO TOMY, KaK ObLIO
caenano B popmynax (4.19)B ogHoMepHOM ciydae. B omHoMepHOM ciydae jisi OECKOHEYHOM
LEMOYKH OBLIO
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mja

() anexp{—lkan X, = J_Iq exp{ikan}%r
-ma
a, B TPCXMCPHOM, COOTBCTCTBCHHO, 6y,neM HUMCTDb
q. (k) o dk
——rt=NZ e ex —|kN \/— k exR kN
)= 3126 (ke [ Yo bp. ) exfha T

HOpPMaJIbHAsi KOOPJMHATA TENepb 3aBUCUT HE TOJILKO OT BOJITHOBOTO BEKTOPA, HO U OT
nossipu3anuu. HerpyaHo npoBepuTh, 4YTO 3TH MPeoOpa3oBaHus B3aUMHO COTJIaCOBaHbI, B CUITY
JIETKO JOKa3bIBA€MOT'O paBEHCTBA

vj explk (N-L)=5%, . (4.64)

(4.63)

Ecnu pelneTka «1apajieienumuanbHas» HHTerpai pa30uBaeTcs Ha IPOU3BEICHHE H JIETKO
6epercst. Ecn xe pewerka kocasi, To BBOAMM HOBYIO nepemenHyto I = (ka, ), Bektop

N-L = Z ma, , tak uro K (N - L) = Z Mm,r; =mr . Beraucisiem sikoOnaH npeodpazoBaHust
I

-1
x| a_r [ e oka, [dea ]_1: &a Aa Ay (o )_1:1
ol = I3 ok i &2 o &, At v
&, &3 &4
¥ TOTJIa HaIl I/IHTeraJI npeBpaiaeTcs B HpOI/ISBeL[eHI/Ie 3 MHTErpanoB
vj explk (N-L) |_| I—expr m, |_| 0 =05 0u, (4.65)

Takum 0Opa3oM TpexMepHbIH cllydyail HE HAMHOT'O CJIOKHEE OJJHOMEPHOTO.
Jloka3arenbcTBO 00paTUMOCTH IpeoOpa30BaHus JeNaeTcs CIEeIYIOUMM 00pa3oM: BEIYUCIIIEM

Z,, uepes qa(k)

z,=v] ZX (2 (k))e k>exp{ik(N‘L)}(gjrk)3:
VJZZ‘Z exp{lk N-L) }(: K =Z

U 110JIy4JacM TOKIACCTBO.

'aMunbTOHMAH B HAIIUX HOpMaJIbHLIX HepeMeHHLIX uMeeT BUJ aHaornuHbli (4.17)umu (4.20)
2 _ 3
=Y | Pa (k) Pa (k) | MO (K)du (k)du (k) | d% (4.66)
a gz 2 (27T)

100aBUIIUCH TOJILKO TOJISIPU3AIMOHHBIC HMHICKCHI, CYMMHPOBAaHKE TI0 HUM U MHTerpaa no K
cTaj TpexMepHbIM. KOMMYTallMOHHBIE COOTHOIIEHUSI C 3TUMH 3aMEYaHUSMHU COXPAHSIOT CBOM
KA4eCTBECHHLIN BUJL

p,, (ki) a, (k) =a, (k,) p,, (k) ==(272)178° (k 1 +k ,)d,
q, (ky)a,, (k,)-a, (k,)a, (k,)=0 (4.67)

Pa, (kl) Ps, (k 2) = Pa, (k 2) pal(k 1) =0

OmepaTopsl pOXKACHHS 1 YHUUITOXKEHHS BBOJSITCS aHanorn4Ho (4.21)
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MQa(k)q(k)zﬁs(k):féQ(‘k), Mth(k) p(k):Aa(k)_A:(_k) (4.68)

TOJIBKO C 00aBICHUEM TOJISIPU3ALMOHHOTO WHACKCA U TPEXMEPHOTO BOJTHOBOTO BEKTOPA.
3amensist B (4.63)HopMalTbHYIO KOOPAWHATY Ha OTIEPATOPBI POXKACHUSI U YHUUITOKEHHS, MbI
MOJTYYMM BBIPXKEHUS ISl CMELICHHUSI aTOMOB Yepe3 ONepaTopbl POXKACHUS U YHUUTOKCHUS
(hOHOHOB

- . iy Ak
ke, (k)" + A (k)e,(k)e™ 4.69
2= [ 3 oma iy (AR s A K We™) s @69
U BBIpKEHUE [T TaMUIBTOHHAHA, BRIPAXKEHHOE Yepe3 (POHOHHBIE OTepaTophbI
. d’k
= [ 2 10.A (k) A (k) (4.70)

—-
Bz a (ZIT)
PaccMmoTpuM Tenepb GOHOHBI B OTpaHuYeHHOM KpHcTaiuie ¢ pasmepamMu N; X N, x N,

QJICMCHTAPHBIX AYCCK.

5.4.3 ®OHOHbI B 3-D orpaHM4YeHHOM KpucTanne

HaunewM, kak TpeGyertcs, ¢ raMuiibToHHaHa (4.61)
Z p2 'y Z,GLZ,.,
N,L 2 1

Tac onepaTopbl KOMIIOHCHT UMITYJILCOB U KOOPAWHAT MOAYUHAOTCA KOMMYTAallHOHHBIM
cooTHouieHusM (4.62)

Pj,NZI ZIL P,N —_iha_“CﬁL )

HO, TCIICPb KPUCTAJLII 6y,I[eM CUUTATb OI'PaHUYCHHBIM U I'PAHUYHBIC YCIIOBHS IICPUOANUCCKUMHU
N=na +na,+na, n,=0.N,-1, n,=0.N,-1 n,=0.N,-1

TaK 4TO
(X’F))j,o,nz,n3 :(X’P)j,Nl,nz,n3 ;(X’F))jnl,(ln3 :(X ’P)j,nl,N 2n3;(x ’P)j,nln 2,0:()( ’P)j,nln N 5’

T'JIe MBI SIBHO 3alIMCAJIN TIEPHOIMYCCKIE TPAaHUYHBIC YCIOBHS U1l KOOPAWHAT M UMITYJIbCOB.
JleficTByeM 1O aHaJIOTHUH ¢ OJJHOMEPHOW KOHEUHOM 1enoukoi (4.27)u TpeXMEepHBIM
OeckoHe4HBbIM KpHcTaioM (4.63)1 onucaHueM 3JIEKTPOHOB B KOHEUHOM TEPHUOIUUECKOM
kpuctaie (3.68).3anuiiemM TpexMepHOE AUCKPETHOE MPEoOpa3oBaHKe OT PEeaTbHBIX KOOPIUHAT

Z,, K HOpMaJbHBIM 0, (k )

" 3 X k. )explik N}, 4.71
= oar S Ela (k-Joalk ) @7
rJe CyMMHPOBaHHE HET TI0 BeKTOpaM K = ompee/ieHHbIM uepe3 BeKTopa 0OpaTHOM peleTKu

b, (3.58)kak

K, =, + T, + Do

m_N b1+N b2+N_ 31 m:(mt’mz’ms)' (4-72)

1 2 3

W3 TpeboBaHus NEHCTBUTENBHOCTH Z,, CIEAYIOT YCIOBUS s OIepaTopa KOOPAUHATHI

HOpMaJlbHO# Moabl X, (k) =X; (—k ) Y BEKTOPA MOJISIPU3aALUU €, ( k) =e (— k).

a

OO6paTtHOe npeoOpazoBaHKe Ul HOPMAIBbHON KOOPAUHATEL X (km) UMEET BU]I
AN expi—ik N}, N =na, +na,+n 4.73
_N —— Z( (k) expf =ik ,N} na, +na,tna;  (4.73)
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JlokxaxkeM oOpaTiMocTh BeIpasuB Z,, (4.71)uepe3 X ( ) (4.73)

N,-1N;-1 N, -1N,-1
Z, = NNNsmo.ZZ cexp{ik,, (N -L )} = NNNsn;);)zNKequ K}=

2

' k1 2rmm,k, 277m3k3 = B
Z E = E Zy & oL
N;N N3 KZ;‘, K exp{ [ N, N, N, k=0 KRN

MBI UCTIONTB30BAIH YK€ U3BECTHBIM HaM pe3yibTar (4.34)

N-1 — i
1 {iZHmK}:_ll exp{ 27k} -5

N 1- exp{ znl k}
N

a B TpeXMepHO# (GopMysie Mbl HIMEEM MPOU3BEICHUE TPEX TAKUX C COOTBETCTBYIOIIMMHU
uHAeKcaMu. BBOIs aHaIOrMUHBIE TPEOOpA30BaHUSI [Tl UMITYJILCOB, MBI IPHIEM K
raMHJIbTOHUaHy, aHamornaHomy (4.37)

1= S RL)RIG) MOk )X (ko) a0

N, -1 N, -1
NN ZZZN Kexp{ [R}bl"'Nﬂbz+Nﬂb3)(k1al+k2a2+k@3)}=
1 1 3

a m=0 2
OTJIMYAIOIIEMYCSI OT OJJHOMEPHOTO CITy4asi, TeM, 4TO K = CTaHOBHTCSI BEKTOPOM, HHJICKC
CYMMUPOBaHHUsI, TOXKE BEKTOPOM M = (m, m,, n13) , ¥l TIOSIBJISIETCS] MHJICKC TMOJISIPU3ALIHH.

Omnepatopsl KOMMYTHPYIOT Ha CUMBOJIbI KpoHekepa, Kak U B ofHOMepHOM ciydae (4.40),Ho
MOSBJIAFOTCS JOTIOJTHUTEIbHBIE NHIEKCHI

Pa(km)xb(kj)_xb(kj)P( ) 'hfi X ab (4-75)
AHaOTrHn4YHBIM 00pa30M BBOASTCS ONEPATOPBI POXKICHUS U YHUUTOKEHUsS! HPOHOHOB
MQ, (k) A (k) +A (K,)
a m X k = m m ,
— X (Kn) NG
R (k) = Alel A )
MrQ, (K,) iv/2
KOTOPBIC YAOBJICTBOPSIFOT G030HHBIM KOMMYTAIMOHHBIM COOTHOIIICHUSAM, aHAJIOTnYHbIM (4.43)
ALK ) A ()= A (ko) Ak ) =3, 0,0 (4.77)

U IPUBOJAT K BBIPAXKEHHUIO ONIEPaTOPOB CMEIICHUI HOHOB Yepe3 ONepaTopbl POKIACHUS U
YHUUTOXEHUSI (POHOHOB

WZZ e YN XTRECHNE

(4.76)

| 0 (4.78)
ik N (ke (k -ik N
T PR M o expfi, N} A (e () ex ik )
h
OTKyJIa BHUJIHA HOpMI/IpOBKa CMCIIICHUA HA KBaHTOBy}O I[J'II/IHy Wa(km) %1 FaMI/IJ'IBTOHI/IaHy
N; -1
H:ZZhQa(km)A\;(km)Aa(km), (4.79)

a m=0

re CYMMHUPOBAHUE UJIET IO MOJISPU3ALUAM U IOIIYCTUMBIM BOJIHOBBIM BEKTOPaM,
oTpeieNsieMbIM COOTHOIIeHUEM (4.72). /1711 MaKpOCKOTMYECKUX CUCTEM, COJICPKAIIUX MHOTO
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4JacCTul, B TaK Ha3bIBAEMOM TCPMOJUHAMUYCCKOM MPEACIC, CyMMa 110 AUCKPETHLIM BOJTHOBBIM
BCKTOpaM MOXKET OBLITH HpI/I6HI/I)KCHHO 3aMCHCHA UHTCI'paJIOM, aHAJIOTUYHO TOMY, KaK OBILIIO
clienaHo st 2ekTpoHoB (3.71)

(4.80)

rae V = N;N,Nv ects nonnelii 06peM kpucrauia. OTCroa Jerko NpoCaeUTh CBSI3b MEKIY

HOPMHPOBKaMH OTIEPATOPOB POXKICHHS U YHUUTOXKEHHsI (POHOHOB B KOHEUHOM (4.79) n
OeckoHeynoM kpuctaiutax (4.70).OHu OTIMYAIOTCS TOJIBKO MOJTHBIM 00BEMOM, H,
ClIeI0BaTeNbHO, Jsl 0ECKOHEYHOTO KpHUCTallia Bce (pU3nuecKue BeTMUMHbBI HOPMUPOBAHBI Ha
€IMHUYHBII 00BEM.

5.4.4 Mepexop K HenpepbIBHOMY npegeny B 3- D KOHEYHOM KpucTanne.

Kak u B oJHOMEpHOM ciiydae, iepeiieM K mpeieiny MpsiMo B KOHEYHBIX BRIpaKEHUsX. VTak, MBI
Oynem roJararb

M -04a - 0v=(aaa)- o,%:,o,Ni ~ o NN,Nv=V ,N- r,Z, - u(r)(4.81)

MHO0%eCTBO BOJTHOBBIX BEKTOPOB OCTAETCS JUCKPETHBIM, HO CTAHOBUTCSI OECKOHEUHBIM.
[TocMoTpuM, BO UTO MpeBpallaeTCsi B KOHTUHYAJILHOM TIpeJiesie CKaIsipHOE MPOU3BEICHHE

(k)
(k.N) :(Nﬂb”.\lﬂbz +Nﬂb3}(n1al+nzaz+n3as) : ZH(mlnl L ”13”3}

1 2 3 Nl N2 N3
MbI BUAWUM, UTO MCPEMEHHBIC BOJIb 0a3MCHBIX BCKTOPOB pasaCIsAtOTCA. A sT0 3HaA4YuT, 4YTO B

KOHTHHYaJIbHOM IpeAese, MOCKoIbKY koopauHata N — ' M30TpoOIHa, KPUCTAIT MOKHO
CUMTATh KYOUYECKUM, TaK YTO 06paTHa$[ peleTka Toxe OyaeT Kyonueckon

km VJ/3( Om+y0m +ZOrn3)

rae X,,Yo,Z, OPTHI IeKapTOBOI CHCTEMbI KOOPIMHAT. 3amMeyast, 4To
N, ~1- oo
Ilm % Z f ( ) I (r )dgr MyTeM MPeeIbHOTO Mepexo/ia MPUXoIuM K popMysiaM CIIIOUTHON
0 \%
KOHEYHOU CpeJibl.

1 Moo (4.82)
u(r) - Z an(k m)ea(km)exp{ik mr}
W
IrJie HOBas HOpMaJlbHas KOOpAWHATa (|, CBs3aHa CO CTApOM COOTHOLICHUEM

d, (knJ =X, (km ) Jv. [epeiinem Teneps k npeneny V — 0,M — OB raMuabTOHHAHE B

HOPMaJIbHBIX KoopauHatax (4.74) ,3amucaB ero B BUJIE

H = szpa( ) G m)+MQ§(km)qa(km)qa(-km)

Y

a m=0
MOCJIC 4E€ro nNpruacM K BbIpaKCHUTO

=3 Pakn) P () | P20 () (K )

a m=0 20 2
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Jainee, BBOASI onepaToOpbl POKACHUS U YHUUTOKECHUS

wqa(km): Aﬂ(km)-"pg(_km)

L p (k)= . :
o, (k.,) 2

MPUIEM K BBIPKEHHUSIM 4epe3 POHOHHBIC ONEePaTOpPhI:
* TraMWIbTOHHMAHA

(4.83)

H=Y 3 10, (ko) A (ko) A K ) (4.84)

a m=0
® onepaTopa CMCIICHUS UOHOB B HpI/I6JII/I)KeHI/II/I CTIJIONTHOM CpCabl

u(r)= Zz a0 LA o) A (B Jexeli,r } =

m=0 a

(4.85)

“z”z [/x ko) exaik,r} + A e (k) exd—k o }]

mOa

OTH (HOHOHHBIE OTIEPaTOPhl KOMMYTUPYIOT Ha cuMBOJI KpoHekepa, kak u paHbiie (4.77)
+ +
Al A (K0)-A ka)Al)=a,8, (4.86)
HenocTatkoM KOHTMHYaJIbHOM MOJIENIN SIBJSIETCS HEOIPAaHUUYEHHOCTD CIEKTpa (POHOHOB,
MI0ATOMY IIPH NPUOJIMKEHHBIX pacyeTax XapaKTePUCTUK PEabHBIX KPUCTAJUIOB IPUMEHSIETCS
oOpe3aHue, BrepBsle npeanoxkeHHoe Jlebaem. Cunraercs, 4To y (GOHOHOB €CTh Ipee/IbHas

4acToTa, Ha3bIBaeMasl Ie0aeBCKOM YacTOTON U CyMMUpOBaHKE B (OpMYyJIax KOHTUHYAJIbHOTO
NpUOIMKEHHS OCYILIECTBIIACTCS] B KOHEUHBIX MpeJienax.

Teneps BbIpa3uM 371eKTPOH-(POHOHHOE B3aUMO/ICHiCTBHE Yepe3 (OHOHHBIEC OTIEPATOPHI.

6 OneKTpoH-hOHOHHOE B3anmoaencTeme

WcxoaHblii 351eKTpOH-(OHOHHBIN TaMUIBTOHUAH CKIIAZBIBACTCS U3 YUCTO JIEKTPOHHOTO
raMuwibTOHHaHa, GOHOHHOTO, U TaMUJIbTOHUAHA 31eKTPOH-(POHOHHOTO B3aUMO/ICHCTBUS

H=Hy+H, +Hy (5.1)
DJIEKTPOHHBIN TaMUJILTOHUAH MbI 3aMUILIEM:

* B IPEJCTAaBICHUHU aOCTPAKTHBIX OJIOXOBCKUX QYHKUIUH @, (r) = <r |a> ,
Hel :Z Eaaasaas
* B IPEJCTABJICHUU PEATbHBIX OJOXOBCKUX ¢)yHKuH171 JU11 OECKOHEUHOTO KpHUcTasia

Hy= T E, 8, =3 [E( )a,(q)-29 (5.2)

s BZ (2”)3

* B IPEICTABJICHUU PEATbHBIX OJOXOBCKUX (PYHKUMN JUIsi KOHEUHOTO KpUCTAJLIa C
oobemoM V = N, N,Nv=Nv

= Z E..&a, =) E(a)a(a)a(a) (5.3)

l,s,q

rzie cymma Gepercs 1o pa3peleHHbIM 3HadeHusM g, =mb, /N, +mb, /N, +mp /N,
JeXxauum B 30He bpuinttosna.

43



6.1.1 AneKkTpoH-hOHOHHOE B3anmogencTeme ansa 6eCKOHe4YHOoro
KpucTtanna

Jlj11 GeCKOHEUHOTO KpHUcTaiia Mbl UMeeM (DOHOHHBIN raMUJIbTOHUAH:

=[S0, (A K)AK) G

3
rz1e pasMepHocTb Al (k) ~A (k) ~ LA Y BBIP)KEHHE JUTSI BEKTOpa CMelIeHus Z

kN + * sy d%k
20| 3 [ AR 2 A e ) 5 69

["aMHJIBTOHUAH JIEKTPOH-(DOHOHHOTO B3aMMOICHCTBUSL:
* B aOCTpakTHOM &, 5 Tpe/ICTaBICHUN

(5.4)

He—ph = Z (é\/)aﬂ aa saﬂ s’ (56)
a,B.s
rae ( aﬂ j¢ N(r)ps )d’r, oV )=->Z (OVj( N ).CoGupas Bee BMecre,
N
nosydaeM GOpMyTy I MATPHUHOTO dIEMEHTA
H * o d3k
), ;=" A (k)e, (k)e™ + A (k)e, (k)e™ x
T AR AR e ) S

j¢ OV, (r -N )@, ¢ ) dir

I'JIe MOXXHO BBIJICITUTH KOA(PPHUIHECHTHI, KOTOPbIE €CTh KOAPPHUIHUEHTHI 3JEKTPOH-(HOHOHHOTO
B3aUMOJCUCTBUSA

—__ hv |kN
C,,(k,a)= —eZMQa(k) j¢ OV, (r -N )@, [ ) d°r
. (5.8)
V

Cpo(k,a)=- Wa(k)e; (k)ZN:e_ikNW;z (1)OVve(r N )¢, )dr
Y 3a1McaTh MaTPUYHBIH 2]IEMEHT Yepe3 POHOHHBIE OTIEPATOPHI
d3k . N
(oV),, = J.WZ(CU,ﬂ(k’a) A (k)+Cp, (k) A (k) (5.9)
BZ a

W oxoHuaTenbHO, Oy/1IeM UMETh BTOPUYHO KBAHTOBAHHBIN OTIEpaTOpP 3EKTPOH-(HOHOHHOTO
B3aUMO/ICHCTBUS B (bopMe

a5 )3;;5( J(kD)AM) (A A K)aa, (610

KOTOpas CIipaBe/InBa J1jisl 0eCKOHEUHOro Kpuctauia. duznyeckasi Ipupoia AEeKTPOH-
(OHOHHOTO B3aMMOJEHUCTBHUS €CTh CIBUT SHEPTHH AJIEKTPOHA U3-3a CMEILLEHUI aTOMHBIX
OCTaTKOB.

6.1.2 ANeKTpoH-hOHOHHOE B3anmoaencTeme A5 KOHeYHOro Kpucrtanna

@OHOHHBIV TaMWJIBTOHUAH JJIsI KOHEYHOTO KpUCTaia
=3 1Q, (K ) Al (k) A (K ) (5.11)

3/1eCh CyMMa OepeTcst 0 TMCKPETHBIM 3HAaYEHUSIM UMITYJIbCa. 37eCh ONepaTopbl poKICHUS U
YHUUTOXXEHUsI Oe3pa3MepHbl. A BbIpa)KE€HUs AJIs1 BEKTOPA CMELIEHHSI BBIPAXKAIOTCS Yepe3 CyMMY
10 Pa3pelIeHHBIM 3HAaUEHUSM BOJIHOBBIX BEKTOPOB, a HE Yepe3 MHTerpai no 3o0He bpumitosna
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ZZ ZMQ [Ad )+ A (K ) Ba (K ) exp{ik N} (5.12)

m=0 a
['ne MbI 0603HaUMIM U151 KPAaTKOCTH MOJTHOE YHMCIIO AJIEMEHTAapHBIX SUeeK KpucTaia
N = N,;N,N,. Cobupaem Bce BMecTe U nosrydaeM (HOpMyIIbl Ui MATPUYHOTO JIEMEHTa

3JIEKTPOH (POHOHHOTO B3aUMOAEHCTBHS, aHamornuHble (5.9), 1 OTINYAIOIIMECS TOIBKO
CYMMHPOBAHHUEM, BMECTO I/IHTerI/IPOBaHI/IH

(), =7 2 X (Couln A A L) Cubn A L), 619
raMHMJIbTOHHaHa 3J'IeKTp0H (bOHOHHOFO BSaI/IMO)IeI/ICTBI/Ifl
Haom = % ZOZ( Cop (k) A (k) +Cho (k) ATk o ))aia,  (5.04)

u ko3 dunrenra 3neKTp0H-cb0H0HHoro B3aUMOJICUCTBUS
C, 5 (Kp )=~ ZMQ xC )Ze( ) exp(ik N} [, (1) OV, (r N )8, € )d°r, (5.15)

KOTOpasd, 3a UCKIIIOYCHUCM TUCKPETHOCTHU BOJIHOBOT'O BEKTOPA, HC OTIINYACTCA OT (58)

6.1.3 lMepexoa K ANMMHHOBOJIHOBOMY NpeAeny AfiA KOHeYHOro Kpucranna.
Mopaenb xene.

Jln1st noHMMaHus BO3HUKHOBEHUs 3(h(hekTa CBEepXIPOBOIMMOCTH, ICTAIM 30HHOU CTPYKTYPHI
MaTrepHaja OKa3bIBalOTCsl HE OYEHb BaKHBIMH, IT0O3TOMY YIIPOCTUM MOJEIb 3JIEKTPOH-
(OHOHHOTO B3aUMOJICHCTBUS, IEPEH/Is K TPE/IeNy CIUIOUIHOM Cpelibl, CUUTas! [UTMHBI BOJIH
(hOHOHOB U 3JIEKTPOHOB MHOTO OOJIBIIMMU pazMepa dJEMEHTapHOH sueiiku kpuctamuia. Caenaem
CHavaJia epexo/l K JITMHHOBOJIIHOBOMY TpeAey AJIsl SeKTPOHHBIX (pyHKUni. KpucTamn 6Gynem
CUMTATh UMEIOIIMM KOHEeUHbIH 00beM V = Nv. J[J1st CIUIOIIHOTO KpUCTasia HHICKCH d, B

27T -
CTAHOBATCA )II/ICerTHBIMI/I BOJIHOBBIMHU BeKTopaMI/I km = 7 ZXIOIT] , HO, UMECs BBI/I)Iy, qTo0
V

KPHUCTAJLJI IMEET MaKPOCKOITMYECKHE pa3Mephl, CYMMBI 110 BOJTHOBBIM BEKTOpam Oyaem
BBIYUCISITH 110 ipaBuity (3.37).BoiaHoBbIC PYHKIIMU UMEIOT BU

,() =0, ()= orlke). g()=w ()=o) 619

MaciTad JoKaIu3auy OTEHIMAIOB aTOMOB Oy/IeM CYMTaTh MaJIbIM 110 CPAaBHEHHIO C
pa3MepamMu KpHcTallia, TaK, 4YTo MpH BerYuciIeHnn Dypbhe-00pa3oB MOTSHIUAIOB, KPUCTAILT
MOXHO OyZIeT cuuTaTh OECKOHEYHBIM. 3anuiieM KodhGHUIUEHT eKTpOoH-(HOHOHHOTO
B3aumoieicTus (5.15) BBenst o6o3nauenue k, —k, =(

Cn (60.8) =5 g 2% (k) o8 =N
jexp[—iq(r -N)]OV, (r =N )d°r = (5.17)

Cymma o N nerko Berumcisiercst ¥, uMest BBuay, uro K,,K,,0 ectb TucKkpeTHbIe HHICKCHI,

“MeeM OKOHYATENIbHYI0 GopMyIy

C, (km,a)=—v'—,/—()qnea( DV (a)4, ., (5.18)
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B 3TOM npuOIMKeHNN UTPatOT POJIb TOJIBKO MPOI0IbHBIE (OHOHBI. HEeTpyqHO BUAETH, UTO B
3TOW HOPMHUPOBKE ITOT KOIPPHUIIMEHT UMEET Pa3MEPHOCTb SHEPTHHU, KaK U JOJDKHO OBITh MPU
HOPMUPOBKE B IUCKPETHOM criekTpe. OKOHYATeNbHO, BKJIaJ B TaMUJIbTOHUAH U3-3a JJIEKTPOH-
(hOHOHHOTO B3aUMOJCHUCTBHUS, OCIE B3SITHUSI CYMMBI IO (]

—_ _ I h + _ At +
Hd—ph_ V\/ﬁ 2MQa(km)kzé,skmv(kln)(A(km)akﬁkma(z A (km)@z—kqu) (519)

311ech Mbl MPEANONIOKHIIN, YTO MOTEHIMAT HOHHOTO OCTaTKa U30TPOIEH, U TO3TOMY 3aBHCUT
TOJBKO OT MOYJsl BOJTHOBOTO BekTopa. CymMma 1o OHOHHOMY BOJIHOBOMY BEKTOPY

§f<km>=n§f(km)=vsj(dlg

; (27)

6.1.4 MNepexoa K ANMMHHOBOJNIHOBOMY npeaeny B 6eCKOHEYHOM KpucTansne

MeTtoauuecku MoJie3HO MOCMOTPETh Kak MPOUCXOAUT NEPeXo] K MOJIENH KeJle B 0ECKOHEYHOM
KPHUCTAJLIE.
@opMalIbHO 3TO O3HAYAET Ipenei

*  BCE pa3Mephbl JIEMEHTAPHOUN STYEHKU KPUCTAILIT (ala2 a3) =V - 0. Dto Bener kK U30TPONTUN
KpUCTaJllIa, TaK KaK BbIJACICHHbIE HAIIPABIICHUS NCUYE3AIO0T.

* HOMepa siueeK N — 0o, Tak 4To KOOpAMHATa BHYTpH kpuctamia N = Z Na, ocraercs

i

KOHEYHOU

e Macca nona B siueiike M — 0, Tak 4TO TUIOTHOCTH KPUCTaJIa OCTACTCSI KOHEUHOM
M/v=p

* [lockoabKy KpUCTaILI IepecTaeT ObITh MEPUOANUYECKUM, 30Ha bpuiiTtosHa pacumpsieTcs
Ha Bce K mpocTpaHCTBO, 0IHOUACTHYHBIC JIICKTPOHHBIC BOJITHOBbIC QYHKIUH @, (r) u3
0JIOXOBCKUX MPEBPAILIAIOTCS B MTPOCTHIC SIKCIIOHEHTHI, UHJIEKC & IPEBpAILlaeTCs B
uMIyiabsc K , 30HHBIN HHAEKC McYe3aeT, 30Ha bpuiuTiosHa pacuipsieTcsi Ha BCE 4TO

okonuarenbHo npusomut @, (r) =4, (r)=¢ k ) = expkr

® 6y,HeM CUMTaTh, 4TO 3THU Q)YHKHI/II/I HOPMHPOBAHBI KaK B OECKOHEYHOM KpucTajaic

[0, (1) )°r = (270 &k ), 5t + )= [exi rf-r )%
d3k
'[w explkr)W

jw exp(-ir,)d’r

3
“4{/ exp(-kr ) d°r, expkr ) d k3 :“wr( Ja( e )dr
(2m
e Tenepsp 3anuiIeM MaTPUYHBIA FTIEMEHT
hv
k,a)=- e r-N ° 2
C,,(k,a) W(k)e e [g,(r) )4, )Pr (5.20)
B Mozenu cruiomHo# cpe/ibl OH MpeBpalaeTcs B
Cox, (k,a) =~ h—ea( 'kNje_'klr OV, (r =N )e** d°r, (5.21)

20Q, (k)
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rie aucnepcust GOHOHOB MpeBpallaeTcs B npsiMblie (k) - C,K, monsipu3annoHHbIC BEKTOpa

e=g=kk eg=¢=0g g= e=[ & } (5.22)
Beraucisiem (5.21)
h
k,a)=- g [eta™*a oy, (r =N :
C.x, (k,a) ng—a(k)ea( je o(r =N ) d’r (5.23)

OTCIOJIa Cpa3y XKe CIIEIYeT, 4TO ITOT KOI()(GHUIIMEHT 3aBUCUT TOJIBKO OT Pa3sHOCTH MMITYIIbCOB
anektporos C, (k,a)= G, (k,a)= G (k.a); g =k, K ,. Bblnenus B 9KCIIOHEHTe HWieH

r =N , monyyum

C, (k,a)=- —e( )Z g~ 'qu MoV, (r =N dlr =

2pQ, (k)
e (T [, ) 620
S 2,OQLa(k)(qea(k))vo(q)%“e‘(k-q)m:_i 2,Ogi(k)(qe( K))V, (a)(27)° |i_|5(k—q,a1.)
Tenepb mid C;’a (k , a) KOTOPBIN IpeBpaIlaeTcs B
c, (k,a)=-i 2/)QLa(k)(qea(k))v(-q)(zﬂf Molk+aa) (5.25)

HaI[O MMOCMOTPETh Ha BGCB raMHJIbTOHUAH

ZJ J(‘”ﬂ‘“ (G, (K A)AK)+C, (k2) A K))a 8, =

_aZS:BJZ I .[ (k)(qea(k))
(5.26)
(v<q><zn> i 5(k 48 )/x(k)W(—q)(mf Mokram)n()]a,.a,.°
A Gl o 3 ™ @A) ()
OKOH‘IaTe.]'II)HO UMEEM SIBHO 3pMI/ITOB0 BI)Ipa)KeHI/Ie:
° I[J'IH 6CCKOH€‘IHOFO KpucTajilia
‘;;;3 (M (a) A(a) +M" (-a) A" (~0)) a5, 4.
M (a)= ‘Ig pQL(Q)QVO(Q) (5.27)

(Haop) Z ) (M () A (a) +M (-a) A(-0)) &, B e

OTKYJia CJIEAYeT, UTO 3JEKTPOHBI B3aUMOJICHCTBYIOT TOJIBKO C POJOIbHBIMU (DOHOHAMU U UTO
IIPYU B3aUMO/ICHCTBUM COXPAHSIETCS UMITYJIbC.

Ocrtasncst 06beM dlIeMEeHTapHOH STUeHKH — He00X0AUMO TPOBEPUTH HOPMUPOBKY! PazMepHOCTSD,
OJIHaKo, paBuibHasi!
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* B HOpMUPOBKE IUCKPETHOTO CIEKTpa 3JIEKTPOH-(POHOHHBIN BKIIAJ BBITIISIIAT
AQHAJIOTMYHO, TOJIBKO MHTETPAJIbl 3aMEHEHBI CYMMaMU, M MAaTPUYHBIN 2JIEMEHT UMEET
JPYTYX0O HOPMHPOBKY

i h N
Hoom == ama, (k) . o (o) (Alkn) 8,8, - A (Kn)a s 2) (529

m kz,km,S

DTOMY BBIPKCHUIO MOXKET OBITh MPUJIAH B, aHaOrnuHbIi (5.27)

Haw= 2 (M (k) Alkn) + M () A ),

M (k) vJ—\/ZMQ - v3/2\/2p9 K“V

rae M (k) MMeeT PasMEpPHOCTh SHEPTUH, O = M /V-IIIOTHOCTD KPUCTAILIA.

Ha Pucynke 10 Mb1 Hapucyem rpaduyeckoe npeacTaBiIeHue IeKTPOH-(HOHOHHOTO
raMHJIbTOHUAHA

k,+Q,s

k,+q,s —q
= +
Hoy_pn = M (a) "M (a)
\\\
q
Kz:S K,,S

Pucynok 10.

6.1.5 MNMonHbIN raMuNbLTOHUaH TBEpPAOro Tena

FaMI/IHLTOHI/IaH TBepI[OFO TCJ1a BKIIKOUYACT B CG6$I TraMMUJIbTOHHWAH CBO6OI[HBIX 3JI€KTpOHOB,
CBOOOJIHBIX MPOAOJBHBIX (POHOHOB, NEKTPOH-(HOHOHHOTO M JEKTPOH-3JIEKTPOHHOTO
B3aWMOJIEUCTBUN

H =He,+th+He,_ph+He,_e, (5.29)
L4 Bblpa)KeHI/ISI I KQXKI0T0 4JICHa B JJIMHHOBOJIHOBOM Hpeﬂene JUISA 6€CKOH€‘{HOFO
Kpucrajia
d3k d3k
H = + , H, =|—— +s o 5.30
. J(Zﬂ)ggak,s@,s ” j(zﬂ)sga,a, (5.30)
= d3q * + +
" —Z 2ﬂ)a(M (a) A(a)+ M (=a) A" (a)) &l . &, (5.31)

d? d3k d? N N
_Zj ki )(2”(;3\“/(q)a“fq'sza’<1+qysla<1,sﬁ<z,sz (5.32)

MAaTpPUYHBIN 3JIEMEHT 3neKTp0H-¢)0H0HH0r0 B3aUMOJICUCTBUS

M (a) = -i;,/zp%(q)qu (a) (5.33)

ANIEKTPOH-3JIEKTPOHHOTO B3aUMO/ICHCTBUS
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2 2

e ;. 4me

—ad°¢=—F (5.34)
{ "

e JIns KOHEYHOTO KPHUCTAJLIa, BCE aHanoquH'(\)/l c T()‘—I]—)OCTI)IO J10 HOPMUPOBKH.
ONEKTPOHHBIN U (POHOHHBIN raMUIBTOHUAHBI q

=S e(k s H =000k A () A ,)

k,s

V(q)= .[exp[—iqg]

DneKTpOH-(HOHOHHBIH

Hoom = 2 (Mo ) Alky )+ M () A7 (K ),

M(k_)=- \J
( m) V3/2 Zma(km)km (km)
DNEeKTPOH-AIEKTPOHHBII
1 + +
He—e = E Z V (q) akz‘QrSzakl*'Q:sla(LSiq‘ 2:S2
kikaq,
S

B nuckpeTHOM npeacTaBiaeHUN BCE MATPUYHBIE 3JIEMEHTHI UMEIOT Pa3MEPHOCTh JHEPTHUMU.

Fpa(i)I/ILIeCKI/I, BCC WICHBI raMUJIbTOHHWAaHAa NPEACTABIAOTCA B BUAC KAPTUHKU

k k,s k,-dq,
j_s N k,+d,s k,+q,s q k,+q,8 ° e
A
| ]
I 1
~ (k ) I "
= I + + +
Ha o e  +9 \ Vv (a)
\
P hQ (k) [N M (a)
1 \q kl,sl kz,%
k,s k,s K,,S k,,s
Pucynox 11.

[lepBbie aBe AMArpaMMbl MPEACTaBIsAIOT cOO0M CBOOOIHbIE FTaMUIbTOHUAHBI JJIEKTPOHOB U
(hOHOHOB COOTBETCTBEHHO, TPETUI U YETBEPTHII WIEHBI 3TO TaMUJIBTOHUAHBI ONMCHIBAIOILINE
MOTJIOILEHUE U U3JTydeHUE (POHOHOB JICKTPOHAMH, MSTHIN UJCH OMUCHIBACT OTTAIKMUBATEIbHOE
paccestHue IEKTPOHOB APYr Ha Ipyre.

MBI nokaxeM, 4To BO BTOPOM IMOPSIIKE TEOPUN BO3MYILIEHUI pacCEesTHUE IIEKTPOHOB Ha
(dboHOHax OyaeT NpUBOIUTH K MPUTSHKEHHUIO JIEKTPOHOB APYT K APYTY, U eciiid (POHOHHOE
MPUTSDKEHHE OYET CUIIbHEE, YeM KYJIOHOBCKOE OTTaIKMBaHUE, TO KBAHTOBOE COCTOSIHHE
3IEKTPOHOB MPUHIUIHNAIBHO U3MEHUTCS U CTAaHET CBEPXIPOBOISALINAM.

6.2 Teopusi eo3myuweHul. Hekomopsbie aghghekmbl 351IeKMpPOH-
¢hOHOHHO20 83aumodelicmaus

HpeHe6pe>I<eM IMOKa 3JICKTPOH-3JICKTPOHHBIM B3aHMOﬂeﬁCTBH€M, H 3al1imcM raMmJIbTOHHUAH B
BUJC CYMMBI CB060I[HBIX OJICKTPOHHBIX U CI)OHOHOHBIX TaMHJIbTOHHMAHOB U 3H€KTpOH-Cp0HOHHOI‘O
raMWJIbTOHHUAHA, PAaCCMATPUBACMOI'0 KaK BOSMYIICHUC
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H=H,+H,
H®= kzse(k)az,s@ <+ 2.1Q(q) A" () Aa)

HE= > (M (a) Aa)+ M (=a) A" (<0))a g B (5.35)

ki,0.8

[ h
M(9) =7 200, (@ ()
2, (g

y10OHOM JUTsl IPUMEHEHHs TEOPUH BO3MYIICHUH. 31e€Ch Mbl ClIerka NOMEHsJIM 0003HaueHUs
WH/IEKCOB CyMMUpOBaHsus. MTHor1a ObiBaeT yIoOHO 3anmucarhb 3eKTpoH-(GpOHOHHOE
B3aUMOJICHICTBUE B BUJIE, IOMEHSB MHJEKC CyMMHUPOBaHMs BO BTOPOM YJICHE

1 + * + +

HE= 3 (M (@) AG) 8o e+ M () A" () 8 ) (5.36)
ky.0,8

Mpl1 OyneM noJib30BaThCsl CTaHAApTHOM Teopueil Bosmyienuid Llpeannrepa-Purua.
[Ipou3BoIbHOE COCTOSIHME HEBO3MYILLIEHHOTO raMUJIbTOHUAaHA MPeACTaBsieT co00i ra3
HEB3aMMO/JICHCTBYIOLIUX AIEKTPOHOB U (JOHOHOB

|¢n>=|q‘i|ﬁ/s;|;|a;,s

OCHOBHOE € COCTOSTHHE M SHEPTUsi OCHOBHOTO COCTOSIHUSI T'a3a CBOOOIHBIX AJICKTPOHOB U
(hOHOHOB JIETKO HAXOAATCS U IAIOT

‘¢8>:‘Oph,Fermid>:k|_k| a;

0..04) (5.37)

0y, Q) (5.38)

Jl71s monpaBKy K 3HEPTHH, C TOYHOCTBIO IO BTOPOTO MOpsiAKa TEOPUH BO3MYILIEHUN OyJeM UMETh
XOpOILIO U3BECTHOE BBIPAKEHUE

EZ = E£+<¢£\H1\¢f>+m§<¢g H‘q;n>_<: o) (5.39)
a JUTst IepBOM TIOMPABKH K BOJIHOBOW (DYHKUIUHU
CDO Hl CDO
\¢i>:m§\¢%>—< E‘_E‘ 3 (5.40)

C nmoMo11bt0 3TUX POPMYIT JIETKO pazoOpaThes K KakuM 3¢ deKkTaM MPUBOIUT IEKTPOH-
(hOoHOHHOE B3aUMO/IeHCTBUE.

6.2.1 lNMepeHopMUpoOBKa AUCNEPCUMN INEKTPOHA.

PaccMoTpuM aBMKEHME KaKoro JM00 OJTHOTO 3JIEKTPOHA M HalJIeM MOIpPaBKy K €ro 3HEPTUu 13-
3a AJIEKTPOH-3JIEKTPOHHOrO B3auMoaencTus. HTak,

B . . B h2k2
* HayaJIbHOE COCTOSTHUE ‘CD2> —‘k,T> =8, |0> ¢ oHeprueit E° = o
*  MHOXECTBO IPOMEXYTOYHBIX COCTOSTHUI ‘CD&>,
OTJIMYAIOIIUXCS 3HAUCHUEM (]

* o+ + * + k- q
00)=M" (@) Aa, 8,4, [0)=M" (@) Alk-a.1). ! b
KaXJ0€ C dHepruen ,’

n?(k -q) s
e =2K29) 1 ho() M (a)
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3TOT MPOLECC MOKHO M300pa3uTh JUarpaMMoid, MoKa3aHHOU Ha pucyHke. JlnaroHaabHbIN
o 1
MaTpUYHBIA 31eMeHT H . OTCYTCTBYeT, I03TOMY IOIPABKU MIEPBOTO MOPsIKA HE OYAET.
Henynesas monpaska BTOPOTO NMOPsIIKa BOSHUKHET MU3-3a JEHCTBUS IIEPBOTO CIIAracMoro
1
onepatopa H"Ha nmosiyuuBLieecs: NpOMEXXYTOYHOE COCTOSIHHE, @ UMEHHO
1 + v
H =M (q) A(q)ak1+qakl, B pe3yabTaTe KOTOPOTO M3ITy4YeHHBIH ()OHOH MOTIIONIACTCS, U B

pe3yabTaTe 0CTaeTcs COCTOSIHUE TOTO YK€ CaMOro IEKTpoHa. Bropas nonpaska k sHEpruu
OJIHOTO 3JIEKTPOHA IPUMET BUJ

2 =Z<0|@,Ta:,Tq_q,TaAhM ()M (a) A'a, .., |0) _y M (q)
q nk? _[ 1% (k-q)’ T ke (1 (k-q)’
2m 2m 2m 2m

‘2

(5.41)

+1Q(q) +1Q(q)

Huarpamma @eliHMaHa, COOTBECTBYIOIIAs ATOMY ITPOLECCY,
n300paxkaeTcs pUCYHKOM ciipaBa. BuiHo, 4yTo 3Ta quarpamma uMeer 4
BXOJISILIYIO U BBIXOJISIILYIO 3JIEKTPOHHYIO JIMHUIO, U B KAKOM-TO CMBICIIE,
nojo0Ha AuarpaMMe cBOOOJHOTO 3JEKTPOHA, U MMO3TOMY, MOKHO K
CKa3aTb, YTO OHA COOTBETCTBYET EPECHOMUPOBKE MACCHI 3JICKTPOHA U3- M (q )
3a B3aUMO/JICHCTBUS IEKTPOHA C PELIETKOM. DTO, TaK Ha3bIBaEMbIi L Sl
3¢ deKT NpucoeIMHEHHON MacChl, BBIYUCICHHBIN BO BTOPOM HOPSIAKE ‘l
Teopuu Bo3MylieHHnH. Ho adexToM nprcoeMHeHHON MacChl, BKIIa/ ) q
ANIEKTPOH-(POHOHHOIO B3aUMOJICHCTBHS He orpaHuunBaercs. HetpynHo - /
BUJICTh, YTO 3HAMEHATE b BhipakeHus (5.41)Moxker 0OpaiiaTbCs B HOJIb. .-I\Z g

A (q )

2 2
Touka =0 HeonmacHa, Tak KaKk ‘M (q)‘ ~ (", HO BTOpas TOYKa, K

BO3HHUKaromas npu

2(ka) " +—M;(q),

T.€., KaK TOJIbKO CKOPOCTb AJIEKTPOHA MPEBBICUT CKOPOCTh 3BYKA, MpeACTaBiisieT co00il IBHBIN
PE30HAHC, COOTBETCTBYIOIINI YePEHKOBCKOMY M3IIyUeHHIO (POHOHA OBICTPBIM 3JIEKTPOHOM.
Ctporo roBopsi, COCTOSIHUE JIEKTPOHA MepecTaeT ObITh CTAllMOHAPHBIM, OH HETPEPBIBHO TEPSIET
SHEPIHUIO, U JUISl PACCMOTPEHUS 3TOT0 Mpoliecca TpeOyeTcss MpUMEHEHHE HeCTallMOHApHO I
Teopuu Bo3mylieHui. [Ipumenenue 3010toro npasuia Gepmu, NoTy4eHHOTO U3 IEPBOTO
MOPsIIKa TEOPUHN BO3MYLICHHH, TaeT JUIsl CKOPOCTH pacraja BEpOsTHOCTU

w=Y 2nHi [o(E, -E), (5.42)

A€ HHACKCaMU i, f 0003HaueHBI HAYAILHBIE U KOHEYHBIE COCTOSTHUS COOTBETCTBEHHO. Ecin
Ha4aJIbHOC COCTOAHUC PacCllaaacTCsa, TO EMY Q)OpMaJ'IBHO MOJKET OBITh IpUINrCaHa KOMIIJICKCHAA

DHEPrust
exp(—i Et —V—vt) = expi (E =i V—vjt
2 2

Ecnu Mbl HanuIieM BeIpaskeHUe [Tl BTOPOW MOIPAaBKU K 9HEPIUU B opme
H 1 H 1
g=) om0 (5.43)
o E, —E +iA
TO MbI IPUJIEM K IPABUIILHOM popmyIie Ui CKOPOCTHU pacnaja, GopMalbHO MPUMEHSs
M3BECTHYIO GopMyIy A7sl 0000IIEHHBIX (PYHKIMMA
: 1 1 .
lim—— =P=~im(x) (5.44)
A-0 X+iA X
3neck cuMBoJIOM P 0003HaueH MHTErpan B CMbICIIE IJIaBHOTO 3HaueHus. JleificTBUTENbHO,
MpUMEHSS 3Ty popMyiTy MosydaeM IJis BTOPOTro NOpsiJiKa CTallMOHAPHON TEOPUH BO3MYILIEHUN
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H,y H: H: HY
nm_mn_ _ ) (5.45)

—_ - n,m m,n O
en—Z—E:_Egm H;P—E,?—EO imH) He O(ES-

m#n

Bropoii uneH, gakTudecku qaet 3oi0toe npaBuio Oepmuro. Takum 0O6pa3oM, MBI CMOTIIN
00001IUTh CTallMOHAPHYIO TEOPHIO BO3MYILICHUI Ha HeCTallMOHapHbIE, pacnafaroiuecs
COCTOSIHMS ITyTEM aHAJTIUTHYECKOTO MPOIOJIKEHUS.

6.2.2 MNMepeHopMmupoBka aucnepcuun hoHoHa

Kak (hoHOHBI BIUSIOT Ha AUCTIEPCHUIO SJICKTPOHOB, TAaK U 3JICKTPOHBI BIUSIOT HA JUCIIEPCUIO
¢oHOHOB. IIycTh y HacC B Ha4YaJIbHOM COCTOSIHUHU €CTh OJIMH (DOHOH C UMIYJIbCOM ( U

. >: A k!k_Flysak'S

3IIEKTPOHBI, 3aToHsIomKe hepMu Mope ‘¢2> =A

> , JHEpIust

ph? ph 1

9TOI'0 COCTOSIHUA

EC =10(q )+zzhk2

k<kg

Yto0Obl cOCUUTATDh MOMPABKY K SHEPrUU (OHOHA BOCMOIb3yEeMCsl OISITh TEOPHE BO3ZMYILIEHUH C
OTepaTopoOM BO3MYILICHHUS.

H =3 (M (a)A(Q)al .a,+M (a) A" (a)a 4.8 ) (5.46)

kia.s

[Tocrie nelicTBHS MEPBOTO CIIaraeMoro OnepaTopa BO3MYILCHUS POXKIACTCS TIPOMEKYTOUHOE
COCTOSIHUE

|@7) =M (a) Aa..a | ;)
C DHEprueu

2
E hk

h2(k +q) h kZ 2
+2
2m kZ‘kF

0
m

o 1
[Tocne neiicTBust BTOporo wieHa H™, 3pMUTOBOro CONMpPSKEHHOMY C MEPBbIM, MOJIYYUM
HOTPAaBKY BTOPOTO MPUOIINKEHUS

fo Y (@7 & A" ()M ()M (o) A() Bl 8| @7) » M (a)f
2 2 2 2!
k<kg,s hQ(q)+h2k2_h (k +q) k<ke hQ(q)+h2k2_h (k +q)
2m 2m m n

KOTOPYIO M300pakaroT JuarpaMMoil. 3aMeTUM, YTO ONepaTopy YHUUTOKEHUS, COOTBETCTBYET

CTpeJKa, Uayllias BHU3 U C MPOTUBOMOJIOKHBIM UMITYJIBCOM. DTa JUarpamma COOTBETCTBYET

BO30YXJACHUIO JIEKTPOHA M3-1I0]1 NoBepxHocT dDepmu B epBoil BepLIMHE

Y QHHUTWISILUY DJIEKTPOHA U IBIPKH — BO BTOPOM. A

VY 106HO, Kak 3TO MBI yXKe Jelajld PaHbLIe, IEPEONPEISIUTh JICKTPOHHBIE q :

omepaTopsl, YTOObl cocTosiHue PepMH paccMaTpUBATh KaK BaKyyMHOE. I

D10 MBI yke nenanu pasnbiie (3.43).I1pu 3ToM Teopusi BO3MYIIEHHH OyaeT I

copMyIIMpOBaHa B TEPMHUHAX KBa3MUACTHII, HJICKTPOHOB U JIBIPOK, ,
I
[
[
[
1

M (a)

ONPCACIICHHBIX paHECC.
-k
q+k
6.2.3 B3anmopencrTeue 3fieKTPOHOB M3-3a OOMeHa
HOHaMu

bonona M (@)
|
|
|
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[Ipeanosioxkum, 4T0 HEBO3MYILIEHHOE COCTOSIHUE COCTOUT TOJIBKO U3 ABYX
HEB3aMMO/ICHCTBYIOLIUX JIEKTPOHOB, /1 KOHKPETHOCTU BO3bMEM UX C IIPOTUBOIOJIOKHBIMU
cnrHaMu. HarmoMHUM, 4TO CIIMHOBOE COCTOSIHUE TPH AJIEKTPOH-(OHOHHOM B3aMMOICHCTBUH HE
MEHSIETCs, IO3TOMY €r0 MOYKHO HE YKa3bIBaTbh. BeIUMCIMM NONPAaBKy BTOPOTO NOPsIKA K
SHEPIUM 3THUX ABYX JJIEKTPOHOB.

0\ — . — At + o
Hrtak, HauaapbHOE COCTOSHHUE ‘¢n> —‘kl, 1K 2 l> = E:\kwakllT |0> C DHEprueu

21,2

E,=E,=¢(k,)+&(k,), rne £(k) =

[Tocne neiicTBUs BTOPOTO 4iieHa onepaTopa 371eKTpOoH (POHOHHOTO B3aUMOJICHCTBUS, KOTOPOE

3aIIUIIICM B BUIC
H'= 3" (M (a) A(d)&q 3. +M" (a) A"(a)a’, «8.)

kq.s

. Hucno ¢poHOHOB OyzieM CUMTATh paBHBIM HYIIIO.

MOJKET MOJIyYUThCSl 1BA TPOMEXKYTOUHBIX COCTOSIHUS , COOTBETCTBYIOILIEIO U3Ty4eHHIO (POHOHOB
C UMITyJIbcaMH *(], KOTOpBIE 3alIALIEM B BUJIE
)

‘¢211> =M * (q) Agal:1_q1Tak1qu<+2xlq<+1vT O> =M ) (q)
@2 )=M"(-a)A\a .. a & g [|0)=M"(-q)
DHEPrum 3THX MPOMEKYTOYHBIX COCTOSTHHUI
£, =£(k, ~a) +£(k,) +10(-a).
Ev, =&(k,)+e(k,+q)+rQ(-q)

[Tocne melicTBUSI IEPBOTO YJIeHA OTepaTopa AECKTPOH (OHOHHOTO B3aUMOICHCTBUS,
H3JTYYCHHBIC (i)OHOHBI IOIrJIOATCd W BO3HUKACT KOHCYHOC COCTOSHUEC

‘cbfln> ‘¢2>:‘k1_q’T;k2+q’l>:al:2+q,iak+1—q,r|0>

).

177 2

C DHEprueu

=e(k,—q)+e(k,+q)

Bxnaa Teopun BO3MyIIEHU BTOPOTO MOPsAKA U300paXkaeTcs IBYMs TuarpaMMamu, a YMCJICHHO
paBeH

1 .
e =M(q M"(q)+
Tefyeetl- ERRRRL) D
M O et T ek ) ek )+m(q)JM @
Hcnonb3yst paBeHCTBO HaYalIbHBIX U KOHCUHBIX SHEPTHIA
e(k)+e(k,)=¢ek,—q)+ek,+q), (5.48)
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3alMCcaHHOe B BUIC
£(ky)-ek,-a)=-[e(k,)-ek ,+a)]
BeipakeHne (5.47)MOXKeET ObITh YIIPOIICHO U 3alMCaHO B BUJIC
oo 2n0(a)M(q)f
[e(k)-e(.-a)] -1 (q)

Hapucyem rpaduk muHui ypoBHSI BETUYMHBI MIOMIPABKU YHEPIUH HA IJIOCKOCTH, I'I€ 110 OCH

(5.49)

‘ Ae=c(k,)-e(k,-q)

Ae >0 hQ_(_q_)__..-w

-

s Ae <O

m/a
Pucynox

opauHAT OyneT nepeaanHas dHeprus Ag = E(kl) - E(k 10 ) , @ TI0 OCH a0CIUCC —T1epeIaHHbII
uMmnynec -0 . Ecnm nepenannas sHeprust Masa, a IMITYJIbC BEJIHK, TIOTIPaBKa K SHEPTUU
OTPHLIATENIbHA, YTO COOTBETCTBYET NPUTSKEHUIO MEXK 1Y JIEKTpOHaMU. TakuMm o6pa3oM, Mbl
BUMM, YTO B3aMMOJCHCTBHE MEXKY dJIEKTpOHAMH Yepe3 (POHOHBI MOXKET MPUBOJIUTH K
MPUTSHKCHUIO MEX Ty dJIeKTpoHaMu. Eciiu nepejaHHas SHEprys BeNMKa, TO ONPaBKa K SHEPIUU
MOJIOKUTENbHA U B 3TOM 00J1aCTH MMapaMeTpoB 3JIEKTPOHBI OTTAJIKMBAIOTCS Ipyr OT Apyra. [lpu
COBIAJICHUHU NIepeIaHHON PHEPTUU U JUCIIepCUU (POHOHA MOTpaBKa K SHEPrUM CTAHOBUTCS
OeckoneuHoit. Ho MbI yxxe 3HaeM, 13 Gpopmyisl (5.45),4T0 3T0 COOTBETCTBYET M3ITy4CHUIO
peanbHbIX (POHOHOB, N3-3a KOTOPBIX COCTOSIHUS OJAMHOYHBIX 2JIEKTPOHOB CTAaHOBSTCS
HECTallMOHAPHBIMH.

Ecnu npeneOpeus 3¢ (exTom n3imydeHus peanbHbIX (POHOHOB M CUUTATh NONPABKY K SHEPTUU
NefCTBUTENBHOM, TO MOMPABKy £ MOKHO MOJYYUTh Kak TIONPABKY MEPBOTO TOPSAKA Ui
HEKOTOPOTO YUCTO 3JIEKTPOHHOTO TaMUJIbTOHUAHA, KOTOPbIH JIETKO 3aIucaTh

1
HE = sz(k)af,s@ . +§ D (KK 00)8 B a0 Bes, s, (5.50)
S Kiko0.8.5;
rjae, hakTUyecKu, NonpaBKa K raMUIbTOHUAHY MpeJCcTaBiisgeT co0oil 3pPpeKTUBHBIN MOTEHLIUAT
(c yxe cienaHHBIMH OTOBOPKAMH, 110 MOBO/Y U3JTYYCHHS PEaTbHbIX (HOHOHOB) MPUTSDKCHHUS
3JIEKTPOHOB MU3-32 0OMeHa BUPTYyalbHbIMU (poHOHaMU. HanoMHI0, 4TO BUPTyalIbHON YacTULieH
Ha3bIBAETCS TaKasl 4acTULA A7l KOTOPOU CBSA3b MEXAY UMIYJIbCOM U SHEPTUEH HA BBIOIHSICTCS.
Takum oOpazom

210 (q)[M (a)f
[£(k,)-£(k,-a)] -n*Q* (@)

V.2 (ko k,a) = (5.51)
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Y, HalIpuMep sl HyJIeBOM NepeAaHHON SHEpruu

Velpbel (kl’kZ’q) =

_2M(a)
nQ(q)

9TOT MOTEHLMAII OTPULIATEIbHBIN, COOTBETCBYET IMPUTSKEHUIO U pacTeT ¢ pocToM (. Tak,

: (5.52)

HarpuMep, BCE AIEKTPOHBI C SHEPTUSMH, JISKALTUMH B HEKOTOPOH okpecTHOCTH chepbl Depmu,
OyayT nputsruBatbes. GU3NUECKU CMBICT TIPUTSHKEHUS] MEKY JIEKTPOHAMU CBSI3aH C
BO3MYILIEHUSIMU JIBM>KEHHSI HIOHOB 3JIEKTpOHaMU. JleTsuii 3/1IeKTpoH co3aeT 3a co0oi ciieq u3
BO3MYUICHUSA IBUKCHUA HOHOB, KOTOPBIC MaJIbl, HO IMTPOTAXKCHHBI, U3 3a 00JIBIION MacChl HOHOB.
3aps 3TOro cliefia MOJ0XKUTENIEH, YTO BbI3bIBACT NPUTSKEHUE K 3TOMY ClIey APYTroro
DJIEKTPOHA, @ BBIMJIAINAT 3TO KaK NPUTHKEHUE DJIEKTPOHOB APYT K APYTY.

KoHeuHo, cyliecTByer elle npsMoe OTTaJIKMBATENbHOM KYJIOHOBCKOE B3aUMO/JCHCTBUE,

XapaKTEePU3yeMOe MAaTPUUHBIM AJIEMEHTOM
2

4rre
Ve, = = (5.53)
KOTOpOE yJI0BJIeTBOpseT ypaBHeHuto °V (q) = 477€”, Wi B KOOPAMHATHOM MpeJICTaBIeHUN
—AV(r) =410 ( ). (5.54)

OpnHako, B TBEPOTEIBHON 2IEKTPOHHOM IIa3Me, KyJTOHOBCKOE MOJI€ UCIIBITBIBAET 1€0aeBCKYIO,
i Tomac-DepMHUEBCKYI0 SKpaHUPOBKY U ypaBHeHHe 1i1st noteHnuana (5.54)npuobperaeT Buj

[-A+K V() =4me’5( ) (5.55)

C JOIIOJIHUTCIIbHBIM YJICHOM kTF ~ 4\ [C{)p /VF , OIMACBIBAIOIIUM 3KPAHUPOBKY. Pemenne

ypaBHenus (5.55)umeet Buj
e2
V(r)= Texp[—kTF r]

HnJIn, B d)ypbe npeaACTaBJICHUN

471e?

Vi =5 (5.56)
q° +ke

Taxum 06pa3oM, npsAMOe KyJOHOBCKOE B3aMMOJAEHCTBHE CUIIBHO OcabiseTcs u3-3a
SKpPaHUPOBKHU. MOXKET TaK CIIyYUThCS, UYTO B HEKOTOPBIX MaTepHualax MpUTsDKEHUE U3-32a
3NEKTPOH-(POHOHHOTO B3aUMOJICHCTBUS IEPECEIUT KYJIOHOBCKOE OTTAJIKUBAHHE, U KaK MbI
MOKa)KeM, TaKhe MeTajljibl OyyT CBEPXIPOBOJIHUKAMU MTPU JOCTATOUYHO HU3KUX TeMIIepaTypax.
Takum oOpa3oMm, cuiIbHEe BCEro MPUTATUBAIOTCS 3IEKTPOHBI, KOTOPbIE UMEIOT OJIM3KUE SHEPTUN
U CWJIbHO pa3jinyaroiirecs uMiyibscel. B depmu raze TakuMu 3J1eKTpOHAMU OYAYT 3JIEKTPOHBI C
SHEPTUsIMH, JIeKAIIUMHU B OKpecTHOCTH DepMH MOBEPXHOCTU U UMEIOIINE MPOTHUBOIOJIOKHBIE
umnynschl. [IpuMep npouecca paccesiHusI MEKTPOHA HA AIEKTPOHE myTeM oOMeHa (POHOHOM
WJUTIOCTPUPYET PHUCyHOK
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Pucynox

[locnenoBarenbHast TEOPHs CBEPXIPOBOIUMOCTH, TIOCIEIOBATEIBHO YUUTHIBAIOMIAS dPPEKTHI
MEPEHOPMHUPOBKU (POHOHOB M JIEKTPOHOB U APPEKTHI IKPaHUPOBKU B MeTaIax Obliia
nocrpoeHa Dnuambdeprom B 1966rony. A Mbl paccMoTpuM Teoputo bapnuna —Kynepa
HIpuddepa, koTopas Briepssie, B 1957T01y, NPpUHIIUTHUAIBHO 00BSICHIIIA TIPUPOTY
BO3HUKHOBEHUS CBEPXITPOBOIUMOCTH.

7 CBepxnpoBoAgUMOCTb

7.1 FNamunbmoHuaH BapduHa-Kynepa-Lpugpgepa
PaccMOTpuUM 4MCTO 371€KTPOHHBIN raMUIIBTOHUAH C YUCTO 3JIEKTPOH-3JIEKTPOHHBIM
B3aUMO/JIeIiCTBUEM, KOTOpoe OyJeM cunuTaTh NpUsTAruparomum V (k »K,.a ) <0 B HEekoTOpOI

okpecTtHOCTH DepMH MOBEPXHOCTH HEBO3MYILEHHOM 3a/1a4H, ONPEEIIsIeMOM EPBbIM
cllaraeéMbIM B FTaMHJIbTOHUAHE

H=Y e At ¥ V(KikA)a qoisdosdon (6D
k,s kiko0 .85

" MOKaXXEM, UTO OH OIMHUCBIBACT CBECPXIPOBOAAIICEC COCTOSIHHUC. HO, JJI HadaJ1a paCCMOTPUM

CIICAYIOYIIYIO HE MHOIOYaCTUYHYIO, a ABYXYaCTUYHYIO 3aJla4y O ABYX IIPUTATUBAIOIIUXCS

KBasn4dyacTuuax CDepMI/I rasa. Hepexon K KBa3nu4aCTYHOMY OIMMCAHUIO OBLI COBCPIICH B n.3.4.

BHGCB MbI HAIIOMHUM I'aMUJIbTOHHAH KBa3WU4YaCTUIl U UX JUCIICPCUIO

A== Y e (K)o e €0)=[elk)-4

3amaua o0 MPUTATHBAIOLIMXCS KBazuyacTuiax oeina pemrena JI. Kynepom B 1957rony u oTkpsiia
IyTh K IOHUMAHHIO CBEPXIIPOBOIUMOCTH.

7.2 3adaya Kynepa

PaccmoTpuM B3auMoeiicTBUE ABYX KBa3uuacTull HopManbHoro depmu raza uepe3 HEeKOTopoe
JIOKaJIbHOE TIPUTSTUBAIOLIEE B3aMMO/ICHCTBHUE, OMUChIBAEMOE TIOTEHIIMAIOM. ["aMUIIbTOHHAH
3TOH 33241 UMEET BU]T

[ H(r) +HY(r,)+U o1 ,) [WE 1 ) = EW(r, ) (6.2)
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bynem cuutaTh, 4TO IEKTPOHBI UMEIOT IPOTUBOIIOJIOKHBIE CIIMHBI, TAK YTO BbIIMCAHHAs
KOOpAMHATHAsI YacTh BOJHOBOM (QpyHKIMM OyAeT cMMMeTpuuHO. ByieM pemars 3agauy myrem
Pa3oKEeHUs: IO COOCTBEHHBIM (DYHKIIUSIM OJTHOYACTUYHOTO FaMHUJIbTOHUAHA, ONIPEIelICHHbIE KaK

H(r)g (r)=¢k)4(r), 6.3)
rjie coOcTBeHHAs (DYHKIUS €CTh TUIOCKAs BOJIHA
. (r) :%expikr , (6.4)
a cOOCTBEHHOE YHCJIO €CTh IPOCTO 3Hepr1/151 KBa3MYaCTHUI] HOPMaIBHOTO (pepmMu-raza
5(k)_—(k2 kZ ) = Ve [k =k | (6.5)
BmecTto nepeMeHHBIX [, I, MOKHO BBECTH KOOPAMHATY LIEHTPA MacC U Pa3HOCTHYIO KOOPAUHATY
R = r1+Tr21 é = rl - rz .CnenaeM MNPpCAIOJOKCHUC, YTO IMOTCHIUAII BSaHMOHeﬁCTBHﬂ 3aBUCUT

TOJIBKO OT paSHOCTHOﬁ KOOPAWHATBI é = rl - r2 N IPpCACTABIISICTCA B BUJAC PA3JIOKCHUS
1 . 1 )
u(g)=u(r,-r,)= Zukz¢k2 r 1)¢_k2 (r,)= VZUkZ expik , (r = ,) :VZUkZ expk £ (6.6)
k, ko kz

Torga Mbl MOXKEM MCKaTh PCUICHUC, 3aBUCALICC TOJIBKO OT PA3HOCTH é = rl - rz, OHO
OpeaACTaBJIAACTCA B BUAC AHAJIOTUYHOT'O PA3JIOKCHUA 110 COOCTBEHHBIM (byHKHI/I?IM

W(E)= W11 =2, ()0, o) =y T, exvik (17 )= T, exss (6.7)

KOTOPOE MOXHO HHTEPIPETUPOBATH KaK B3aUMOJICHCTBHE IBYX KBa3UYACTHI] C
MPOTHBOTIOIOKHBIMH UMITYJIbcaMu. [101cTaBUB 3TH pa3no>1<eH1/1;1 B ypaBHenue (6.2)
[ H*(ry)+H(r E]ch expk §+—ZV G, exp(k,+k,)g= C
k§< 2
* 1 - 3
¥ JOMHOast ero Ha @, (é;) = WeXp_'kl‘: Y UHTETPUPYS 110 00beMy Id ¢ momydyaem

YPaBHCHHUC
[&(k)+&(K)-E]g, += ZUH G, (6.8)
Ecnu cpena HeogHopoaHa, TO 3TO OyJET HE B CBepTKa C TIOTEHIIMAJIOM, @ CyMMa OOIIero Buja

[£(k)+¢(K)-E]e, +5 Zuklkzq =0. (6.9)

UTOoOB!I pelinTh 3Ty CUCTEMY YpaBHEHUH, cliesiaeM IpeanoioKeHre o BUjie noTeHuuana. bynem
ToJiarath, 9T0 noreHuuan U, - sIBISICTCS TTIOCTOSHHBIM IIPUTSDKCHUEM B y3KOM OKPECTHOCTH

depMu-TIOBEpXHOCTH, KOTOPYIO OyJeM Ha3biBaTh AeOaeBCckuM cioeM (DL) u paBHBIM HYIIO BHE
9TON okpecTHOCTH. HanmomHuuM, uto yactotroil JlebGas HazpIBaeTcs NpeebHas 4acToTa

aKyCTHYECKUX (DOHOHOB, KOTOPask MOKET OBITh OLIEHEHA KaK (W, = V7T, / a=,ve /M (IT/ a) , TIE

V, =/Vg /M ecTb CKOPOCTBb 3ByKa, @-XapakTepHBIH pazMep MOCTOSHHOM peleTku. JlebaeBekuii

cJI0#i onpeienAeTcs CeAyoIMuM 00pa3om

DL ={¢(k,) <haw, and & (k ,) <ham}. (6.10)
[lInprHy ne6aeBCKOTO CIIOSi B UMITYJTbCHOM TIPOCTPAHCTBE HETPYJHO OLIGHUTD U3 BUJA
nucniepeny kBasuaactuu € (K ), oTkyza nomyuaercs |k - kF| <}, Vg . Ero rpaHnisl moxkasassl

Ha PUCYHKE ? MyHKTUPHBIMH JTUHUSIMHU.
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AprOKCI/IMauHH IMOTCHIIMAaJIa UMEET BU
-g k,k,ODL
U, = g fvt : (6.11)
210 kyk, DL

Tak 4To ypaBHeHHe (6.9)npeBpaliiacTcs B ypaBHEHUE C BHIPOKICHHBIM SIPOM U MOXET ObITh
JIeTKO petieHo. ViMest BBUy TTOMCK CBSI3aHHOTO COCTOSTHUS, 0003HauuM E =—2A, rie A ecthb
SHEPrus CBS3M Ha OJHY YacTHUILy, U Tora ypaBHeHue (6.9)3anuiercst B BUIC

[6(k)+a]e, =2 Y ¢ . (6.12)

OrTcrona JIETKO HaXOAUM, 9TO

rae Oyksoit | Mbl 0603HauUMIM cymmy | = Z G, Teneps HeOOX0MMO NOTPEOOBATH
k,0DL

CaMOCOTJIACOBAHHOCTH 3TOTO MOJX0/1a, @ UMEHHO, YTOOBI BBIMOJIHSIOCH YpaBHeHue mipu | # 0

_Jgl 1
| _Ekﬁzmm. (6.13)

C NoMOI1IbIO TIPaBUJIa BEIYUCICHUSI CYMM 110 BOJIHOBBIM BEKTOpaM, paccMOTpeHHbIM (3.40)MbI
MOKEM IepenucaTb CyMMY B 3TOM YpaBHEHHMHM B BUJE UHTETpasa, I1€ Mbl UCIIOIb30BAIN
0003Ha4YeHue V Jyisl INIOTHOCTH COCTOSIHUM Ha eIMHUIly oObeMa

gt v(e)de

1== — (6.14)
4 e |£—/J| +A
[TockobKy IIMpHHA eGacBCKOTO CIIOSI OYEHb Mana, &, /Vy < Kz TO MBI MOXEM BBIHECTH
IUIOTHOCTB COCTOSIHUH B TOUKe A/ = £ W 3anmcath (6.14)B Bune
1= 9 ) mjb d¢__ov(4) mjb de _ v(4) ) hap +A (6.15)
4 G lEHn 2 g E+n 2 A '
OTKyZa, YUYUTBIBasi MAIOCTh A < ficy, , JUTsl SHEPTUH CBSI3H UIMEEM BBIPAKCHHE
A=ha, exps - (6.16)

gv (k)
KBaszuuactuiibl 00pa3yroT CBSI3aHHOE COCTOSTHUE JaXke MTPU OECKOHEYHO Majloi CBSI3H, YTO OBLIO
YAUBUTEIBHO JIJIs1 BCEX MOCBSIIEHHBIX TEOPETUKOB, MMOCKOJIbKY ObLIO M3BECTHO, YTO B
TPEXMEpPHOM 3a/1aue AJi1 00pa30BaHuUs CBSI3aHHOTO COCTOSIHHS €CTh MOPOT T0 TIyOnHe
noTeHUManbHOU sMbl. Kymep nokasai, uro cymectBoBanue @epMu-noBepxHocTH 3 HEeKTUBHO
JIByMepu3yeT 3a1auy. [ToBeieHre sHEPT UM CBSA3H, OMUChIBaeMoe dopmyitoit (6.16)xapakTepHo
Ui [BymMepHo# 3aaaun. Takum o6pazom, Kymep nokaszan, yto ¢epmu ras gaxe ¢ O4eHb cl1abbiM
MPUTSHDKEHUEM HEYCTOMUYMB K 00pa30BaHUIO CBSI3aHHBIX COCTOSIHUM 3JIEKTPOHOB, KOTOPbIE
Ha3zBaniu KynepoBckumu napamu. IMEHHO OHU U SBIISIOTCS MPUYUHOMN CBEPXIPOBOJAUMOCTH.

7.3 YnpouweHue ecamunbmoHuaHa bKLL

Hrak, paccMOTpUM TraMIJIbTOHHAH, OTTUCHIBAIONTNHN JIOKAJIbHOE B3aUMOJICHCTBUE AJIEKTPOHOB
(6.1), KOTOPBIi MBI 3/1€CH €IIIE Pa3 MEPEMUIIEM

+ 1 + +

H=Yeka a st 2 UKik,0)a, 068 s, 58 o (6.17)
k,s 2\/k1k2Qv§§2

rae, U (k K0 ) - IOTEHUMAJ NPUTKeHU. B mpeabiayiiem pasaeiie Mbl IOKa3alik, 4TO €CIu

BSaHMOHeﬁCTBHG MNPUTATUBAIOUICC, TO YBA3NUYACTULbI, 3JICKTPOHBI U AbIPKU, UMCIKOT TCHACHIIUIO
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K CIIapyMBaHUI0, 00pa30BaHUIO CBSI3aHHBIX COCTOSIHUI C KOHEUHOW YHEPTUe CBsI3U. JTO,
OYEBUIHO MPUBEIET K MEPECTPOiKe COOCTBEHHBIX cocTosiHui ramuiabToHrnana bKIII, kak
OCHOBHOTO, TaK U BO30yKJIeHHbIX. HO mpex/ie ueM nepexoauTh K uX U3y4eHHUI0, HECKOJIbKO
yOpoCTUM raMuiibToHUaH. [lepBoe ynpouieHue, KOTopoe Mbl cliejaeM — MpeHeOpeKeM
B3aUMO/JICVCTBUEM JJIEKTPOHOB C OL[I/IHaKOBBIMI/I CIIMHAMU U 3allMIIEeM FaMHJIbTOHUAH B BUJE

+ +
=2 e(k)aa +—2\, > VKK o0)a, 4 o8 s, 58, (6.18)
kik20.8
[Touemy 310 ectecTBeHHOE NMpUbIMKEHNE. PaccMOTpUM BOJIHOBYIO (DYHKIIMIO IBYX JIEKTPOHOB,
MMEIOIIMX CITHH 1/ 2 ¢ 0AMHAKOBBIMH ¥ POTHBOTIOIOKHBIMH CIMHAMH. ByeM mosp30BaThest

[IIpearHrepoOBCKUM IIPEACTABICHUEM C HOMEpaMHU YacTHUL. [{7s1 IPOTUBOIIOIOXKHBIX CIIMHOB,
KOT/Ia CyMMapHbIi criiH napel S= 0, OyzneM umeThb

W(r,sirsS) = Xa(s0S,)@s ot 2)- (6.19)

B cuny npunnuna [laynu, yTBepkaaroniero, 4ro BOJHOBast PyHKIMsI aHTUCUMMETpUYHA
OTHOCHUTEJIbHO MEPECTaHOBKH YaCTHL], U3-3a2 AHTUCUMMETPUU CIMHOBOM YaCcTH MO OTHOLICHMIO K
MepecTaHOBKE CIIMHOB, KOOPAMHATHAs YacTh JI0JKHA ObITh CUMMETPUYHA IO OTHOLICHHIO K
NepeCcTaHOBKE KOOPAMHAT YaCTHUIl. DTU 0OCTOSITEILCTBA OTMEUEHBI MHIEKCaMu A -
antisymmetricy S- symmetric,y coorBectByrouux GpyHkuui. J{is cymmaproro cnuna 1,
MPOEKIMA CTIMHA Ha OChb Z, S, Oyaer npuHUMaTh Tpu 3HadeHus S, = 0,1, u Bce 3 ciuHOBBIE
GbyHKUIMU OyAyT CHMMETPUYHBI, 2 KOOPJMHATHAS YacTh Oy/eT aHTUCUMMETPHYHA, YTO
3aMuChIBAeTCs B BUJIE

W(r,sirsS) = Xs (88:)WallaF 5)- (6.20)

Camo B3aMMOJICHCTBHE MEKLY AIEKTPOHAMM HE 3aBUCHUT OT CIIMHOB, HO CPEIHSISI SHEPTUs
B3aUMO/ICVCTBHS 3aBUCHUT. 3allUILIEM €€ JJII CAMMETPUYHBIX, COOTBETCBYOIMX S=0,
KOOPAMHATHBIX QYHKIWM, U TS aHTI/ICHMMeTpI/IqHLIx COOTBETCBYyIOIIMX S=1.

U>S=O:ju(r1,r2)‘ws(r ‘ d’rd’r,, (U)_ '[U 7N @ 2)‘ drd’r,.

Ecnu MbI nipenosioxkuM, 4To NOTEHIMAIbHASI SHEPTUS MIPEICTABIIAECT CO00M CUITbHO
JIOKATM30BaHHYIO (DYHKIIUIO B MAJIOl OKPECTHOCTH |r1 - 2| < £, TO CpeliHssl SHEPrus
B3aWMO/ICHCTBHUSI YACTHUI] C TPOTHUBOIIOIOKHBIM CIIMHOM, OyZIET MHOTO 0OJIbIIIE, YEM Y YaCTHIL CO
CIMHOM eauHMIa. MOXHO cKa3aTh, 4To U3-3a npuHiuna [laynu, BeposTHOCTb npeObIBaHuUs
JBIYX YaCTHUIl C CYMMapHBbIM CIMHOM €JIMHMIIA B 00IaCTH MaKCMMyMa TOTEHI[MaIa OYeHb MaJla, B
TO BpeMs KaK JJIs YaCTHUL CO CIIMHOM HOJIb, OHa MaKCUMaJIbHa. JTU YTBEPKICHUS
WUTIOCTPUPYET PUCYHOK ?, HA KOTOPBIX N300paKeHBI TIOBEICHUE TIOTCHITHAIA U BOJTHOBBIX
GbyHKIMI, CHMMETPUYHBIX U aHTUCUMMETPHUHBIX, B OKPECTHOCTU HYJISI.

I'amunbronuan (6.18), yauThIBaronuii B3aMMOAEHCTBUE SIEKTPOHOB C IPOTHBOTIOIOKHBIMH
CIIMHAMU, MOXKET OBbITh 3alKcaH B BUJIE

=2 (kA +—kaqV( oK 20)a o &, R A (6.21)
>
rJIe MbI B35UTH CyMMY I10 CIIMHAM S, ¥ y4IH CUMMETPHIO TIO CIIMHAM, M3-3a 4ero mporan
MHOkuUTeNb 1/ 2. Elite n3MeHNM clierka 0003HaueHHUsI IMITYJIbCOB, BBEIEM UMITYJIbC IIEHTpa Mace
nByx snektpoHos K, +k, =K u Benem 3ameny k, =K /2+k "k , =K /2K ', Torma mus
KOHEYHBIX UMITyIIbcoB Oynem umeer k, +q =K /2+k k , -9 =K /2K , re HOBBIH BeKTOD
k =k'+q . Ham raMuibTOHHaH B 3THX HOBBIX 0003HAYECHHSIX TPUOOPETET BUJL

H= Zf( Ja A + D V(KK KA o B ok B iR (6.22)

k 1K2q
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Ceiiuac Mbl TOTOBBI IPUCTYNUTD K MCCIIEA0BAHUIO 3TON 3aauu. [lockosibKy TOUHOE peleHue
3TOM MPOGIIEMBbl HEBO3MOYKHO, Mbl BOCIIOJIb3YeMCS TPSIMBbIM BapHallMOHHBIM IIPUHLIUIIOM,
OCHOBHBI€ IT0JIOKEHUSI KOTOPOTO 51 HAIOMHIO.

s=0 s=1
|¢/s (X1 - Xz)|2
—_—
\ |¢IA(X1_X2)|2
Xl_;Z Xl_;Z
U (% -x,) U (% -x,)

Pucynox ?.3aBHCHMOCTB Cpe/iHEl SHEPTrUuM B3aMMOACHCTBUS OT CYMMApHOTO CIIMHA YacTH

7.3.1 MpaAamMmon BapuauUOHHbIN NPUHLMN
[TycTh HaM HeoOX0AUMO pelInTh cTalMoHapHoe ypaBHeHue llpenunrepa, u HaliTH

COOCTBEHHBIE UKCIIa U COOCTBEHHBIC (DYHKIIMM KAaKOTO-TO TaMuiibToHUaHa H . 3anuiiem sty
3a7a4y B BUJIE

H|y)=Ely). (6.23)

[psiMoii BapuallMOHHBIN MIPUHIMIT OCHOBAH Ha HAOIOJICHUH, 4TO ypaBHeHue (6.23)1aet
9KCTpeMalb (pyHIMOHAIA

Flw]=(w|H -E|p). (6.24)
JIeCTBUTENBHO, BBIYUCIISIS BAPUALIMIO 3TOTO (byHKHH?HaHa, noJtyaem
OF [w]=F[w+ow]|-F[y]=(dw|H-E|@)+(w|H-E|dy). (6.25)

[TpupaBHUBas Bapranuio 1Mo <5[// | HYJTI0, MBI TIoJiydaeM ypaBHenue Ilpeaunrepa (6.23). Takum

00pa3oM, Hax0Xk/IeHHMe TOUHOT0 MUHMMYyMa () yHKIIMOHAJIa SKBUBAJICHTHO PEILIEHUIO YpaBHEHHE
[Ipeaunrepa.

OnHako, BMECTO TOUYHOTO HAXOXAECHUSI MUHUMYyMa (yHKLMOHAJA, IPUIYMAeM, PYKOBOJICTBYSCh
(bu3nuecKuMU co0OpaKEeHUSIMHU, HEKOTOPYIO (YHKIMIO BCEX TMHAMUYECKUX NIEPEMEHHBIX,

0003Ha4MM UX ( ¥ HEKOTOPOTO KOJIMYECTBA MAapaMeTpoB &, . DTa BOIHOBAS (HYHKIHS
Ha3bIBaeTcs PoOHOH dyHKuuMeH ¢, (q,a’i ) . [loacraBnsist 3Ty GpyHKuuto B popmy (6.24) ,

MHTETpUPYsl 0 BCEM HENPEPBIBHBIM IUHAMUYECKUM NIEPEMEHHBIM U CYMMHUPYS 110 AUCKPETHBIM,
noxyunM, uto GyHknnonan (6.24)npespaniaercs B 00bIYHYIO QYHKIHIO TapaMeTpoB &, . st
rapamerpa 3Hepruu 0yJaeM UMeThb BbIpakeHHe
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RALICH)

(6.26)
Ay

OTbICKMBasi MUHUMYM 3TOTO BBIPAKEHUS IO TTapameTpaM, HaiieM OIIEHKY OCHOBHOTO

@ lAle)
wlw)

J151s Toro 4TOOBI OLIEHUTH HEPTUIO MEPBOrO BO30YKIEHHOTO COCTOSIHUSA, HEOOX0AUMO

COCTOSAHUSA CUCTEMBI

E, =min

MOCTPOUTH MPOOHYIO (DYHKITHIO gl/tl, OPTOTOHAIIbHYIO MMPOOHON (DYHKIIMM OCHOBHOTO COCTOSTHUS

P, Tax uToGHI <t//t1 ‘t//to> =0 u uckatb MUHUMYM BbIpakeHUs (6.26)yxe Ha HYHKIHIX ‘t,[/t1 > .

I[anbme OTYy Ipoucaypy, B IpUHUOUIIC, MOKXHO INIOBTOPATH, HO TOYHOCTb 9THX ﬂaHBHeﬁMHX
HpI/I6HI/I)K€HI/If/'I OLICHUTH JOBOJIBHO CJIOXKHO. OHa OCHOBBIBACTCS UCKITIOUUTEILHO Ha Pa3yMHOCTHU
(bHSI/I‘IeCKI/IX npennonomeHHﬁ. I/ITaK, B CBCTC NIPAMOI'0 BapuallMOHHOI'O IIPUHLMAIIA, IJIA
HaXO0XJICHHUA COOCTBEHHBIX 3HAUCHHUMN MBI JAOJDKHBI UICKAaThb MUHUMYM CPCAHCTO 3HAUYCHUA

I'amunsToHMaHA <l// | H |l//> Ha TPOOHBIX (PYHKIUAX .

Paccmotpum ramunsronnan BKIII (6.22)u npumeM ye UCTIONIB30BaHHOE TIPH PELICHUH 3a]a4ul
Kynepa npenmnooxenue, 9To MOTSHIIMAT B3aUMOICHCTBUS TIOCTOSTHEH M paBeH —( , Koraa
HMMITYJBCBI BCEX B3aUMOICHCTBYIONINX YaCTHUI

K/2+k'K /2*k 'K /2k K /2k npunamiexar nebGaesckomy cioto DL, Tonkomy
cheprudecKoMy CIIOI0 B OKPECTHOCTH (hepMU TTOBEPXHOCTH

DL=lk - <k<k +%
A Ve

" HYJIIO, €CJIM XOTh OIMH UMITYJIbC HC IPUHAMJIC)KUT 3TOMY CJIOHO. Torga raMuabTOHUAH BKIII
OpUMET BUJ

H= Z ( ) SakS gzak/z—kiak/%kr%/zk TQ/Z—k' ' (627)

U B CBETE BapUAIMOHHOTO MIPUHIINIIA, MBI JOJDKHBI HCKaTh MUHUMYM (DYHKIIMOHAIA <l,[/| H |l,[/> .

Ecnu mb1 BooO111€ TpeHeOpekeM B3auMOSHCTBUEM, TO TOUYHOE PEIIEHUE JJIs1 BOJTHOBOM
(YHKIIMM OCHOBHOTO COCTOSTHUSI HAM M3BECTHO, 9TO BOJIHOBast PyHKIHsT DepMu, KOTOPYIO MBI
3auIieM He Tak, Kak (3.42),a rpynmupys 3JeKTPOHBI 10 TTapaM, UMest BBUIY TOCTPOUTH
npo6nyto pynkuio BKII u3 kynepoBckux nap. BoiHoBas GpyHkmus depmMu OKOSIIIETOCS
3JIEKTPOHHOTO Ta3a MPEICTABISCTCS B BUIE

| Fermi) = |‘|ak %0, (6.28)

a JIBMXKYIIEroCs B BUJIE

|Fermi, ) =[] & ak;_k’l |0),

Keke 2T

YTO MPEJICTaB/ISIeT CABUHYTYIO B IPOCTPAHCTBE UMITYIbCOB chepy Depmu.
Ou4eBUIHO, YTO OCHOBHOE COCTOSIHME MIeabHOTO (hepmu ra3a nocturaercs npu K =0, Tak kak
h k2 hZK 2
E= 22 :
K<ke 8m
1 1006aBKa, CBsSI3aHHAs ¢ OOLIUM JIBXKEHHUEM, MOJIOKUTEIBHO OofpeiesieHa, yucio N ecTh 4uciio

nap B npousseneHnu (6.28).CoBepiieHHO 0YEBUIHO, YTO PACCMATPHBAEMbIC BOJTHOBBIC
¢byakun depmu He MOAXOAAT B KauecTBe NPoOHBIX GyHKIUH A5 raMmunabToHnaHa BKIII.
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[ToToMy, 4TO [UIsl TAKMX BOJIHOBBIX (PYHKILIMH, paccesHUEe, ONMChIBAEMOE BTOPbIM YJIEHOM B
(6.27)momHOCTBIO 3anpeIeHO,

<FermiK|DZL:a;/Hllq:/2+k - AR |Fermi, ) =0 (6.29)

Oto cBsizaHo ¢ npuHIunom [laynu, nz-3a roro uro noj OepMu-noOBEPXHOCTHIO BCE COCTOSIHUS
3aHSTHI, a HaJl —BCE CBOOOIHBI. [[j1s1 TOTO YTOOBI ATOT WICH 3aurpaj ¥ MOHU3UI MOTCHIIUATBHYIO
SHEPruto, Heo0XoAUMO, 4T0ObI Mo DepMu MOBEPXHOCTHIO ObLTU CBOOOIHBIE COCTOSTHHUS.
bapnun, Kynep u llpuddep npemnoxunu cieayromnue npooHbie ¢ yHKIUNA

|BCS) = (u +va, 2. )|0) (6.30)

CBCPXITPOBOJHHUKA oe3 TOKa, u
|BCSK>:|_| U tvae oa |0) (6.31)
k 2 2

TSl CBEPXMPOBOIHMKA ¢ TOKOM. BBens koadhdunments! U,V , BKIL qomycTunm Bo3MOKHOCTb

K K
paccesHus YacTul. Benuuuna V, eCTh aMIUIUTY1a BEPOATHOCTH, YTO COCTOSIHUS 5 + k’E -k

3aHATHI, @ U, €CTh aMIUIUTYAa BEPOSATHOCTH, YTO OHHU CBO6OI[HI>I. HOCKOJ’IBKy 9TH COCTOSAHUA NI

CBOOOIHBI, WJIU 3aHSTHI, TO
u+v: =1 (6.32)

MBI 0JI0KUIIH, YTO 3TU KOAPPUILIMEHTHI AelicTBUTENbHBI. OHaKo y poOHbIX ¢yHkumii BKII
€CTh OJIMH OYEHb CYILECTBEHHBIN HEIOCTATOK, OHU HE UMEIOT ONPE/ICIICHHOTO YMCIa YacTHll,
WM, IPYTUMHU CJIOBaMH OHU HE SIBJIIIOTCS COOCTBEHHBIMH (PYHKIMSIMHU ONIEpaTOpa YUcia YacTHUI]

N = Zal:,sak,s’
k,s

B TO Bpems kKak ['amunbroHuaH (6.27)4nciio yacTuil coxpansier. PeienT paboTsl ¢ GyHKIUSIMUA
HE MMEIOIIMX ONPEIEICHHOTO YHCIIa YaCTHUL, XOPOLIO U3BECTEH, U 3aKJIF0YAETCS B
PacCMOTPEHUH BCIIOMOTATEIBHOTO TAaMWIBTOHUAHA

"= - N,
r7ie MHOXKUTENb Jlarpanxka 4/, XUMUUECKUN MOTEHIIMAN, JOJDKEH ObITh M0100paH U3 YCIOBHUS,
YTO CpeAHEe YUCIIO YaCTHII

(N)=(@[N[g)= N,
PaBHO UCTUHHOMY YHMCJy YAaCTHUI] B CUCTEME. DTOT BCIIOMOTaTeabHbI raMusibTOHUAH, A1t BKIILI
UMEET BUJL

A= 32 () = MR B = D e B iR (6.33)

Tenepb Mbl MOkeM paboTaTh ¢ poOHbIMU pyHKIUsAMEU THa BKII.

JlaBaiite pazbepemcsi ¢ BOMPOCOM, KaKoil TOJDKEeH ObITh MMNynbc K 1eHTpa Macc, 4ToObl
obecneynTh MaKCUMaJIbHO OTPULIATEIbHBIN BKJIa/ MOTEHIMAIbHOM 3Hepruu. PaccMoTpum
Pucynox ? ,npezacrassitomuii co6oit 061acTh CyMMUpOBaHus BO BTopoM uieHe (6.33).
N300paxkensl e caBuHyThie Ha BekTop K depmu-cdepsl, okpyKeHHbIE 1e0aCBCKUM MOSCKOM.
[Ipn KOHEUHOM MMITyJIbCE LIEHTPA Macc, 00JaCTh CYMMUPOBaHUS MPEACTABISET cOO0M
nepeceyeHue IByX e0aeBCKUX CI0EB, B OKPECTHOCTIX PepMU-TIOBEPXHOCTEH, CABUHYTHIX Ha
K. Dta obnacTe npeacTaBisieT co00i Teno BpallleHMs], a €T0 CEUCHHUS MOKa3aHbl IITPUXOBKOM.
[Ipu ymenbmienun K nepecedenue nosickoB ysenuuusaercs v npu K =0 obnactb
WHTETrPUPOBaHUS peBpaliaeTcs B qebaeBckuii cioil. Takum 006pa3om 06J1acTh UHTETPUPOBAHUS
MakcumanbHa ipu K =0 u cienoBaTelbHO, BOJTHOBasI (PyHKIMS OCHOBHOTO COCTOSIHUS OyeT
numeth By (6.28) .Ocraercst HAWTH HEW3BECTHBIC MapaMeTpsl U, ,V, U U.
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-q =K /2-k

7.4 OcHoeHoe cocmosiHue BKLL
Wrak, 111 morucka 0CHOBHOT'O COCTOSIHUSI MBI nMeeM ramunbronnad bBKII sBuma

ZEDYCOREEREDILAL LRt (6.34)
u ipoonyto pyukuuto BKII ¢ K =0 (6.30),k0Topyro MBI IIpUBEIEM 37IE€Ch €IIle pa3
[BCS) =7 (u +va;, a, )|0) (6.35)
k

JInst mprMeHeHns BApHalMOHHOTO MPHUHIMIIA HaM HE00X0IMMO BBIYHCIUTD CPEIHIOI0
<QHEPTHIO»

(H")=(BCS|H'|BCS) = f (U %, 1), (6.36)

yuTs, KOHEYHO, YCIIOBMC HOPMUPOBKHU Ulf '|'Vk2 =1, 3aTEM BbIYUCINTH 3HAUYCHUS Uk ,Vk
obecreunBarone MUHUMYM 3TOW (PYHKIIMH, HY, U KOHEYHO, CaMO 3HAUYCHHUE SHEPTHUH. 3aTeM
HY)KHO HATH XMMHUYECKUN NTOTCHIAAJ U3 YCIOBHs PaBEHCTBA CPEIHETO YMCIIA YaCTHIL
HUCTUHHOMY

(N)=(BCS|N|BCS)=N (6.37)
Pacniuiem sSIBHO CpeHIOIO SHEPTHUIO

(BCS|H|BCS) = Y.(BCS (¢ k) - 4)a 4, +(e(+)-4)al o, [BCS)

9 (6.38)
Z< klak %r —k1|BCS>
BBenem o6o3HaueHust
:<O|(uk +Vka—k¢a1< ) 4< 4 a, J (uk +qu 1K l)|O> (6 39)
t —<O|(uk+\/kaluak ) a’,.a, (LL +\{<5f,Tal,¢)|0>
TOr1a CpeI[HSISI 3H€pFI/I$I 3aIIUIICTCA B BUJC
A, _ g
BCS|H'|BCS) = e(k)- - tt
(BCSIH'[BCS) =2 (£(K)-H)s - 2 b (6.40)
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Breraucnsas Sk ’tk , ACTIOJIB3Ysl KOMMYTAlIMOHHBIC COOTHOLICHUA IJIS JICKTPOHHBIX OIICPaTOPOB,
HaneM
S =2V, t =uv, (6.41)

U, TOrAa JJIS CPeIHEN SHEPTUU UMEEM

(BCS|H'|BCS) = Zz( DM =2 Y UV U (6.42)

V k, k'ODL

rac Mbl UBMCHHUJIM MHACKC CYMMHPOBAHM. 21.]'[5[ HaXO0XACHHUSA MUHUMYMaA 3TOTI'O BbIPAXKCHUA
npoauddepenurpyem ero no Vv, , cuuras, uto U, = ﬂ Y IPUPABHSIEM €r0 K HyJIH0. Mbl

IoJIYy4umM

k

ou
4le(k)- -2y +y —<|A=0, 6.43
(£ (k)= p2)w (Uk kav} (6.43)
I'1€ MbIl BBCJIN o0o3HaueHHE JJIA BEJIMYUHBI

a=8%u v, =2 (8cs|Ya, 4, |BCs) (6.4
ky kq

Ha3bIBAEMOM YHEPreTHUECKOM IENTbIO U UTPArOLIeii poJIb MapamMeTpa MopsiaKa, OTIHYAOIIero
CBEPXIPOBO/ISIICE COCTOSTHIE OT HOPMaIbHOTO. BIOCIEACTBUM MBI YBUIUM, YTO 3T KE
BeJIMYMHA OY/IET aBath ILENb B CIIEKTPE KBa3M4yacTUll. BoIoHsist sBHO auddepeHIInpoBaHue B
(6.43),mMblI IpUIEM K BBIPOKCHHIO

2[e(k) =]y =A[J1-V - F (6.45)
WJIY, HECKOJIBKO YITPOCTHUB, K
1 2\/2
2[e(k) -]y =A — (6.46)

k

Ecnu Mb1 n36aBUMCsI OT pajiukalia B 3HaMEHaTeNe, Mbl IPUAEM K OMKBaIpaTHOMY YpPaBHEHUIO.
Jlns npuaanys eMy KOMIIAKTHOTO BUJIA, BBJIEM HOBYIO IIEPEMEHHYIO X, , TaK 4TOOBI

s % TR 1+2)q< : (6.47)

Torna ypaBuenue (6.46)nprodpereT BUa
1-x X,
2le(k) -], =A :
[ ( ) ,u] 2 f1+xk
2

HpI/IBOIIH €ro K O6H_[€My 3HaMCHATCIIIO, MBI ITOJTYYHUM YPAaBHCHUC

= H 1= % =%,

BO3BeJlsl 00€ 4acTu KOTOPOIro B KBaApaT, MOJIYYUM J[Ba PELICHUS
s, elk)-w
Je(k)-u] +a?

DU3NYECKUI CMBICT UMEET PEelIeHHE CO 3HAaKOM + , OCKOJIbKY TpPU CTPEMJICHUU SHEPTUU
r1yooko noj depmMu MOBEPXHOCTh, BEPOSITHOCTD 3aMOJHEHUSI COCTOSIHUM JT0OJKHA CTPEMUTBCS K

(6.48)

CTMHUIIC vlf - 1. 3aBucumMocTH KO3(UITUECHTOB vlf,ukz, 0003HaYaIONINX BEPOSTHOCTH, YTO
COCTOSIHUSI ‘k, 1 > ,‘ —K ,l> , COOTBETCTBEHH 3aHSTHI UJIM CBOOOIHBI, TP KOHEUHOM A TIpUBEICHBI

Ha pUCyHKe ?
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prhay pD p B TG K

Pucynok? .3aBUCUMOCTb KO3 PHUITMCHTOB 3aIIOJTHEHUSI COCTOSTHUH OT SHEPTHH

3amerum, uto tipu A - 0,

pelb ESH 2 0, e<u
“ o, e>u’ 1, e>u’

u BosHoBas (yHkius bBKIL npepaiiaercs B BosiHOBYIO pyHK1M0 Depmu.

[Tocne Toro kak ko3pPuUuUUEHTHI U, ,V, HaliIeHbl, HECOOXOMMO HAlTH OCTAIOIIKECs MTOKa
HeomnpeaeneHHbIMU TapameTpbl A u 4 . CHauana Haiigem napametp A. M3 ero onpeneneHust
(6.44)n BeIpaxkeHHs 111 KOIPGUIHEHTOB U, ,V, HaﬁneM

g9 -9 A
A== -
Zukvk Z 2\/ k ODL \/I:‘g ’u:|2 i

3aMeH$I$I CYMMI/IPOBaHI/Ie I/IHTerI/IpOBaHI/IeM, BBO/JA ITIJIOTHOCTDH COCTOSIHI/Iﬁ Ha CHI/IHI/IHy 3HepFI/II/I
u 00beMa, kak B (6.14),momaras A # 0, nonydaeM ypaBHEHHE CaMOCOTIaCOBaHUS

1_g’“h“’f’ v(e)de

2 2 !
4 i [e— ]+
KOTOPOC CIIC MOXKET OLITH CJIETKa YIPOIICHO, UCIIOJB3YSA MAJIOCTh 4YaCTOTHI IO CPaBHCHUIO C
XUMIIOTEHLMAIOM hia), < (. IIpu 3TOM yCIIOBUM IIIOTHOCTh COCTOSIHUM MOKET OBbITh BBIHECEHA

34 3HAK I/IHTeraJ'Ia nu ypaBHeHI/Ie caMocorjacoBaHuda HpG)ICTaBJ'IeHO B BUJIC
I _ (k) ‘j’D dé  _gv(u)
—hay NE +A2 2 5 | ER+N? 2

[Ipu nonydyenuu nocneaHeit GopmMysbl Mbl UCTIONIB30BAIN YETHOCTD MOABIHTET PAIIbHOTO
BeIpakeHus. MaTerpan (6.49)nerko 6epercs, 4To AaeT BhIpAKECHUE ISl LICITH

arshhz)D (6.49)

1 2
A =hay —————= 2ha, expy — : (6.50)
sinh 2 av ()
gv(u)
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OTIUYAIOIIMMCS K03(DHUIIMECHTOM 2 OT BBIpaKEHHUs UTs mienu B 3aaade Kynepa (6.16).Pasuuna
CBsI3aHa C TeM, 4YTo B 3aj1aue Kyrnepa cBs3aHHOE cOCTOSTHUE 00pa3yIoT J1Be KBa3MUACTULIbI HAJT
HeBO3MyLIeHHBIM MopeM Depmy, a B 3aade bKII nepectpanBaeTcss OCHOBHOE COCTOSIHUE
Lenukom!

Teneps nepeiieM K HaX0XKISHUIO XMMHUYECKOTO MOTEHIMANa A/ , A7 4ero 3anuiieM ypaBHeHHe
JUTSL YMCIIa YacTHll, pa3einB 00JacTb CyMMUPOBaHMs Ha 00JIaCTh 101 Ae0aeBCKUM CIIOEM, I/Ie
V? =1, v 061acTh BHYTpH J1€6a€BCKOTO €IS, TIe Vf = (1— X ) / 2

N = Z 2+ Z AP =

k T e(k )<p—nap )} k Of p=negy <l )<pu+nap)
H+hay £— /J (651)
> 2+ > 1I-x= > 2+Vv(u) 1- = £
kO{e(k)<p-nap} kO{ p-nap <e(k )<p+hap} kO{e(k )<p—nap) pi~has \/[5_,“] +A?

WHTerpan oT nocienHero wieHa B GUTypHBbIX CKOOKaX JaeT HOJb, B CUy HEUETHOCTH, a
uHTerpai ot 1 Moker ObITh TPUBUAIBHO NIpeoOpa3oBaH Kak

H+hay u
Vv (u) J' 1de =Vv(u) j 2de = > 2
p=hag, p=hap ko p-hap <e(k )<}

Y, TAKUM 00pa30M BCE€ BBIPAKEHME ISl UM CIIa YaCTHI] IPeoOpa3yeTcs K BULY
N= > 2+ > 2= > 2 (6.52)

kO{e(k )<p=nap} k Of p—ne, <elk )<} k Dfek )<u}
IIOJIHOCTBIO COBITAJIAIOIIUM C BBIPAXKCHUCM JJIsI UHUCJIa YaCTULl B UJICAJIbHOM CDepMI/I rase.
CrneoBaTenbHO, HECMOTPS Ha B3aUMOJICHCTBIE MEK/LY SIEKTPOHAMM, XMMHYECKHMI MOTEHIINAT B
CBCPXIIPOBOJAIICM COCTOSHUU OCTACTCSI CTAPbIM /J = gF , KaK B CDepMI/I rase 1npu HyﬂeBOﬁ

TeMIeparype.

7.5 Bo036yx0eHHble COCMOSsIHUS

Kak MbI 3HaeM 13 KOHIIEMIIUH MPSMOTO BapUAlMOHHOTO MPUHIINIIA, TIPOOHBIC PYHKIINN
BO30YKJICHHHBIX COCTOSIHUI JIOJDKHBI OBITh OPTOTOHAIBHBI TPOOHBIM ()YHKITASIM OCHOBHOTO
coctostHusl. O4eBUHO, YTO BO30YK/ICHHBIM COCTOSIHUSIM, COOTBETCTBYIOT CBOOOTHBIE
KOMIIOHEHTBI KYIIEPOBCKUX Tap, HECTIApEHHBIE AJIEKTPOHBI. MoaupUIIUpyeM HECKOJIBKO
®deltnMaHoBckue 0003HaueHus. Beegem oneparop

3 (0)=(u +v.a’ a ). (6.53)
toraa cocrostuue bKIII 3anumercst B Bune
|BCS) = I (u +va a )|0)= [14 (0|9
PaccmoTpuM BOJTHOBYIO (DyHKIMIO
‘k,T>:ak+’Tk|:!(uk, +v a. a',., )|o) (6.54)
KOTOpasi COOTBETCBYET COCTOSIHUIO, KOTJJa €CTh OJJMH HECIIapEHHBIN 3JIEKTPOH ‘k, T> , COCTOSTHHE

‘—k, ! > - cB0OOHO, a BCE OCTAJIbHBIC AIEKTPOHBI criapeHsl, kak B coctostHuu BKIII. Hetpyano

BUACTH, YTO 9TO COCTOSAHUEC OPTOTIOHAJIBHO COCTOSHUIO BKH_[, ITOCKOJIbKY
O (ue+weaa Ja [{u+wa’, 2, )l =o (6.55)
K'# k'

U, CIIEAOBATEIbHO, MIPEICTABISACT COO0M BO30YXIEHHOE COCTOSIHUE, KOTOpOe OyZieM Ha3bIBaTh
OJTHOYAaCTHYHBIM, TaK KaK COOTBETCBYET OJJHOMY HECIIAPEHHOMY JICKTPOHY. 3aMETHM, YTO
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omepaTop @, . MOXKET ObITh PACIIOIOKEH B I00OM MECTE IPHU3BEICHHS, TAK KaK OH
KOMMYTHpYeT ¢ J1106bIM u3 onepatopos . (0) =u,. +v a’, a’,. mwis k'#Kk.

AHaJIOTUYHO MOXKHO ONpCACIUTE COCTOSAHUC

[k, 1)=a’,, H(uk, +v.a)., a. )|o), (6.56)
'#

KOTOPOC TOXKC ABJISICTCA OAHOYACTUYHBIM B036Y)KI[€HI/ICM, B KOTOPOM COCTOSIHHEC ‘_k, ! > 3aHATO,

COCTOSIHHE ‘k, 1 > - cBOOOJTHO, a BCe OCTalIbHbIE COCTOSIHUS criapeHbl. HeTpynHo BUAETH, UTO 3TO

COCTOSIHUE TOKE OPTOTOHATbHO OCHOBHOMY COCTOSIHMIO.
A Kak 3alMchIBaeTCsl COCTOSIHME, KOTOPOE COOTBETCTBYET pa30pBaHHOM KynepoBckoi nape. OHO

JIOJIKHO COAEPXKATH 2 SIEKTPOHA B COCTOSHUSX @, @', , |O) 1 GBITH OPTOrOHANBHBIM OCHOBHOMY

COCTOSAHHUIO. Hepr,HHO BUJACTH, UTO OTO COCTOSAHUC UMECCT BU
k1, 1)=(v —ua, _kl)r!(q( +v.q.,al., )|0). (6.57)

HOKa)KeM OPTOIrOHAJIBHOCTD 3TOT'O COCTOSAHUSA OCHOBHOMY, T.C. BBIIIOJIHCHUC YCIIOBUS

<BCS| kt,&K 1 > = 0. 3anumiem 3To CKaJIIPHOE MPOU3BEICHNE SBHO
<O| |k_| (uk' +Vk'a—k',1ak',r )(Vk ~U qj,r a:rk ) )kl_! (u< +\4 'q;r',r a:( W )|O> =
'#

<O|(uk +Vka—k,1ak,r)(vk _l'l(q;r,rajk ¢)|0>: (658)
U Me +<O|Vk2a—k,¢ak,r |0>_<O|q<zak+rajk N | q_\&l& <qa—k l% T%Jr,ra:( ,1| Q:
UV, —V U <O|a_k’l( a a., +1) 19 =uv vy =0

OTKyJla OPTOTOHAILHOCTD BUIHA HEMOCPEACTBEHHO. OCHOBHOE COCTOSIHUE U TPH
PacCMOTPEHHBIX BO30YKICHHBIX COCTOSIHUI MOT'YT OBITh 3alTUCaHbl €IUHOOOPA3HO, €CITH BBECTH
orepaTopsl, aHatorunvusie (6.53),a uMeHHO

lj/k (O) = (Uk +Vkal:,rajk,i )’lj}k (1) :(V< Y Q:,rajk N )’ﬂ (2) = Q:,r ,l,Zﬁ (3 = a:( 47 (659)
TOraa, BBEACHHBIC PAHCC COCTOAHUA 3alIMIITYTCS B BUJIC

|Bcs>=nwk(o>|o>, 1.k =0, (344 (9] 0.

(6.60)
k1)=a(2[]4 (A9 | )=a (3[]4(91 9
a MPOU3BOJILHOE COCTOSTHUE CBEPXIPOBOAHMKA, YIUTHIBAIOIIEE CIIAPEHHBIE COCTOSIHUS U
paspylieHHBIC TIaphl, C TOMOIIBIO ATHX ONIEPATOPOB MOXKET OBITh MPEICTABIICHO B BUJIC
:|‘|¢/kj(nj)|o>, 20e n =023 (6.61)
i
Taxum 06pa3oM COCTOSIHUE CHCTEMBI OMTUCHIBACTCS MOCIIEI0BATEIBHOCTHIO YUCET
n,N,,.., rae n; = 0,1, 2,3 Haiinem sHepruto 0JHOYACTUIHOTO BO30YXKACHHUS ‘k, T>, KOTOpOE
COOTBETCTBYET N = 2. MmeeM 1o ornpeneseHno
E =(k t|H-uNk 1)-(BCS|H - uN|BCS). (6.62)
J171s1 KOMITAKTHOCTH 3aIMCH BBEJeM KO3 PHUIIMECHTHI
s (n)=(0w (n))(a &, +a' &, & (n))|0
(n) =0l () o (n)10 -

t(m) = (0l (my)at, & 4 ()]0
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0606111a101111/1e onpeﬂeneHHH (6.39)Ha BO30YXKAeHHBIE COCTOSIHUS. [I0CKOJIbKY COCTOSTHUE
‘k T |_!l//k |O> COOTBETCBYET N, =2, HaM HYXKHO BBIYUCIIUTE s(( ) " (2) :

KOTOPEIC, KaK JICTKO IMOKa3aTh C MIOMOIIbKO KOMMYTallMOHHBIX COOTHOIICHUMN PaBHBI
s(2)=1 t(9=0

Vcrionb3yst 3T 3HAUCHHS, IMEEM ISt <k 1 ‘ H- yN ‘k T>

(it |R =) =e(k)=pe S 2o () -0 -y 2 umuN Z YNYY
k, %k ky k'ODL
k,#k

Tenepb HETPYIHO BHIYMCIUTD PA3HOCTD (6.62),0Mpeaesioniyo SHEPTUio

E :[g(k)_:u](l_ 2‘/k2)+\%ukvk;q<l\4<l +gU<Vk;uk'Vk' -

(6.64)
[£(k) —,u](l— 2\/,(2) + 200y, =[ (k)= u]x +01-%
Bcnomunas onpenenenue X, (6.48),
e(k)-u
RO
JJI1 DHCPT U OI[HOﬁ KBa3nU4aCTHUIbI IIOJIYy4YacM
2
RN N an
Je(k)-u] +o° Le(k)-p] +a7
YTO OKOHYATCJIBbHO JACT
= [e(k)-uT +o7. (6.65)
AHaHOFHqHOG BLIpa>I<eHI/Ie HOJIYy4acTCAa IJIs1 APYroro B036y>KI[eHH01“0 COCTOAHUA
‘ -k l |_! (//k | O HeTpyaHO BBIYMCTUTE 3HEPTHIO BO3OYKICHHUS 151 COCTOSIHUS

[k, 1) :(pk(l)n(pk.(o)m,
K '#
JUIA HETO S, (1) = ijz ut (1) =-U,\, U 3HEprus MoJIy4aeTcsi paBHOU
E =(k t,& t[H-uNJ 1,,%& 1)-(BCS|H - uN|BCS) = 2E,,

YTO ClIeJlyeT MOHUMATh, YTO MPHU Pa3pbiBe KYNEPOBCKUX Map BOSHUKAET JBE KBA3UUACTHUIIHI.
Mo:kHO MoKa3aTh, YTO IS JIFOOOTO COCTOSIHUS C ABYMS KBa3u4dacTUIIAMU |k Sk, Sz> SHEPTHs

E,<E, +E,

Jlucriepcusi KBa3MyacTUll okazaHa Ha Pucynke ?
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Pucynox.? Jlucriepcusi 0JTHOYaCTUYHBIX BO30YXKICHUH CBEPXIIPOBOIHUKA

B oxpecrHocTH DepMU-TIOBEPXHOCTH B CIIEKTPE KBa3UUYACTHUIl IOSIBIsIETCS 1Iesib A, Tak 4To
SHEPrHs KBa3W4YacTULl OT/EIEHA OT OCHOBHOT'O COCTOSIHHS KOHEUHBIM 3HAUYEHUEM dHEPIruu. A
3TO 3HAYMT, 4YTO ISl CO3/IaHMUSI KBa3UYACTHULIbI HY)KHA KOHEeUHas sHeprus. Kak Mbl yBUIIUM, 3TO
00CTOSITENLCTBO U MPUBEAET K CBEPXITPOBOUMOCTH.

7.6 Kpumepuli ceepxnpoeodumocmu JlaHday

B aTOM paznene Mbl IOKakeM, 4TO 3JEKTPOHbI Haxoasdmmecs B coctosstHuu bKII ¢ miensro B
CHEKTpE KBa3U4yacTHIl 00pa3yroT CBEPXIPOBOASILEE COCTOSIHUE, TAKOE, YTO IIPU JIBUKCHUU
TaKHUX 3JIEKTPOHOB C HE CIUIIKOM OOJIBIION CKOPOCThIO OTHOCUTEILHO HOHHOM PELIETKU
auccunanus OyaeT OTCyTcTBOBaTh. JlJisl JOKa3aTeNbCTBA 3TOTO YTBEPKICHUS, IPEXKAE BCETO,
3aMETHUM, YTO BO3HUKHOBEHUE TMCCUNIAIMM 0003HaYaeT BbIJENIEHUE TEIJIa, YTO 03HAYaeT
CIIOHTAHHOE PO’KJCHHE KBA3UYACTHI] IIPH IBUKEHUU 3JIEKTPOHOB. [Ipeanonoxum, 4yTo 0CHOBHOE
anekTpoHHoe coctosinue bKIL nBukercs Kak 1enoe OTHOCUTEIBHO HOHHOW PELIETKH CO
CKOpOCThIO V. [lepexo B HOBYIO CUCTEMY OTCUYETA OCYHIECTBIIETCSA ¢ TOMOILIBIO
npeoOpaszoBanus ["anumnes

t'=t, r'=r +vt.
B cucreme otcuera, cBSI3aHHOM C 3JIEKTPOHAMHU, CIIEKTP KBa3UYACTHULl AAETCS BBIpaXKEHUEM

E (k) (6.65).Kak OyzmeT BBITJISICTh CIICKTP B HEMOIBMIKHOW CUCTEME OTCUETa, CBA3aHHOM C

HEMOABWKHBIMHU HoHamMH. OTBeT Aaercs hopmynoi 1s s dekra Jlonmnepa. B
HEpesITUBUCTCKOM NPUOIMKEHUHU V < C UMeeM AJIsl AUCTIePCUH KBA3MUYaCTHIl B HETIOABMKHOM
CUCTEME

E'k)=E(k)-n(kv), k'=k,
YTO COOTBETCBYET «iepekocy» rpapuka E (k) , Kak 1oka3aHo Ha Pucynke . CnoHTaHHOE

PO’KIEHNE KBa3UYACTUL] HAYHETCS, KOI'Jla SHEPrusl KBa3U4acTHILIbI B JJAOOPAaTOPHOM CUCTEME,
CBSI3aHHOM C HEMOABM>KHBIMU HOHAMU, 0OpaTUTCS B HOJIb, UJIU, APYTUMHU CIOBAMM, IPU KaKOM
HUOYIb BOJIHOBOM BEKTOpE OyJIeT BBINOJIHEHO YCIOBHE

E'(k)=E(k)-n(kv)=0.
3aMeTHM, 4TO 3TO YCIOBME COBIAAAET C YCIOBHEM YEPEHKOBCKOTO CHHXPOHHU3MA, U TOBOPHUT O
TOM, YTO NPH BBIMIOJIHEHUH 3TOTr0 YCIOBUS OyIeT MPOUCXOAUTh YEPEHKOBCKOE U3ITydeHUe
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KBa3W4acTHIl. VICHoNb3ysl 3TO YCIOBHE, MOKHO TPHOIMKEHHO OLCHUTh KPUTHIECKYIO CKOPOCTh,
Korja KpuBas nqucriepcuu Ha Pucynke Brnepsbie nepeceder ocb E' = 0. [lockonbky UckaxeHue
JHCIIEPCHH TIPOMCXOMHUT B OYCHB Y3KO# OKpecTHOCTH K ¢ mmpuHoii o, psiaka A/AK. < K , To

A E(kX)

PI/ICYHOK ?annepcnﬂ KBaspu4daCTul ABMXXYLICTOCA KOHACHCATa, B CUCTEMC HCTIO ABUKHBIX
HOHOB

NPpHOJIMKEHHO TIepeceyeHue HylIsl pou3oiiier B Touke K, = K., rae pacnoioxeH MHHIMYM

E (k) paBHbI A. OTCroga uMeeM ISl KPUTUYECKOM CKOPOCTH MPOCTOE BBIPAXKEHUE

v = A
¢ nke

MBI BUAMM, YTO KOHEUHOE 3HAUEHUE ILEIH B CIIEKTPE KBa3M4acTUI] 0OecrieunBaeT
cBepXmpoBoauMocTh. HopmanbHas GepMu-KkuakocTb ¢ GeciiieneBbiM CIIeKTPOM
CBEPXIPOBOJSAIICH HE SIBISETCS. DTOT KPUTEPUI CBEPXIIPOBOIUMOCTH ObI BIIEPBbIE
chopmynuposan JI.J[. Jlannay asis cBepXTeKy4eCcTH KUIKOTO refusi. JTa olleHKa npeHedperaer
M3MEHEHHMEM LIEJIM B CIIEKTPE KBa3UYaCTHLl U3-3a JBMKEHUS KOHJIEHCaTa, KOTOPOE, OYEBUIHO,
JOJI’KHO CYIIECTBOBaTh. PaccMOTpUM CBEPXITPOBOJAHUK C TOKOM MOMOIpOOHEE.

7.7 Ceepxnpo8oOHUK C MOKOM

PaccMoTpuM ABWXKYIIMIACS KOHACGHCAT KYIIEPOBCKHX Tap, OMMChIBAEMbIi BOIHOBOW (YHKIUEH

(6.31)

. |0).

Cymmapsbiit umnynsc napsel K cooTBercByeT ckopoctu 2mv =K.

|BCS'<>:|_| u‘ +\4(a;+kra£
k 2

2_

CpelHee 4uCIIo JIEKTPOHOB B CUCTEME OMPEIENSETCSI CTaphiM BhipaskeHueM (6.51)
N=> 2.
k
Beipaxenunem ananorndnbiM (6.40) onpenensercs cpeaHss SHEPTUs

<BCS|I:|'|BCS>=Z[(£(K/2+k1)—,u)+(£(K/2—k 1)—y)]vk2 9 D U MU

ks \ k,k TIDL’
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HerpyaHo yBuaeTh OTJIMYMS 3TUX BBIPAXKEHUN OT OECTOKOBOTO cilydyasi. B BbIpaykeHUM 17151
CpPEeIHEW dHEPruu KMHETUYECKasi SJHEPIUsl HEMOABM)KHOM KYIIEpOBCKOU Mapbl E(k) + E(—k )

3aMCHSICTCS Ha KHHCTUYCCKYHO OHCPI'UtO ,I[BH)Kymeﬁc;[ 1apbl

(k) +e() (K f24 ) ek J2x )= 20K

+ M2 (6.66)

1 00nacTh CyMMHUpOBaHUs — 1e0aeBCKUM CII0M, 3aMEHsIeTCSl Ha peAyLIMPOBaHHbIN 1e0aeBCKUI
CJIOM, onpesensieMblii Kak 001acTh epeceueHust nedaeBckux cioeB Ha Pucynke DL — DL'.

Crapsbie BelpaxeHusist uist U, ,\, , X% (6.47)u (6.48)coxpaHsrorcsi, HO B HUX HEOOX0AUMO

crnenarth 3aMeHy (6.66)u 3amMeHHTh ek A Ha peaylUpOBaHHOE, H3-32 U3MECHEHHUS 001acTh
CyMMHUpOBaHusl, 3HaueHue A'. U3 BelpakeHus Ui YKMcia YacTHL], ISl TOTO 4TOObI OHO OCTaJIOCh
CTapbIM, CIEAYET, YTO MBI IOJDKHBI U3MEHUTD 3HAUCHUE XUMUYECKOTO MTOTEHIMAIA

2
M — H+mve, (6.67)
" TOoraa BUJAHO, YTO BbIpaXXCHUA IJId Uk ,Vk ,)ﬂ( BOO6HI€ OCTAaKTCsd HCU3MCHHBIMHU C TOYHOCTBIO
o MO)II/I(i)I/IKaHI/II/I ienu. 3Hast 3TO HETPYJHO BBIYUCIUTD TOK

j:%;[(K/ZR )+ K /2% )}5:%@ 2= Ne | (6.68)

KOTOPBIH, KaK BUAHO, ONPENEIATCS KOHLIEHTPalMeld U CKOPOCThIO, KaK B THIPOJUHAMUKE.
[lepeiinem Tenepb K pacCCMOTPEHUIO BIMSIHUS TEMIIEPATyphbl HA CBEPXIIPOBOISLICE COCTOSIHUE.

7.8 KoHeyHble memnepamypbi. BapuauyuoHHbIl nodxoo.

J1o cux mop Mbl paccMaTpHUBAIA CBEPXIIPOBOJIHUK KaK U30JIMPOBAHHYIO CUCTEMY C
OTIpE/ICIICHHOM BOJIHOBOHM (YHKIIMEH U BCe (PU3MUESCKUE CPETHUE BHIYMCIISIIN 110 BOJTHOBOM
byHkmu. {15 cucteMbl pyu KOHEUHOU TeMIiepatrype, HaXoAd1Ieicsl B pABHOBECUH C BHEILIUM
TEPMOCTATOM, BOJTHOBOM ()YHIIMM HE CYIIECTBYET U BCE CPEAHUE JOJKHBI BBIYUCISATHCS TIO
PaBHOBECHOM MATpHULIE IIJIOTHOCTH, KOTOPAst U1l CUCTEM C IEPEMEHHBIM YMCIOM YaCTULl UMEET
BH/]I

. H . H - uN
=Z expl—— =2 expl ———F— 6.69
P xp{ T} P - ( )

-1
DTO BBIpAKEHHUE HA3bIBACTCS OOJIBIINM KAaHOHMUYECKUM pacrpesiesieHieM, Z = ecTh
HOPMHPOBOYHBIA MHOKHUTENb, caM Z Ha3bIBaeTcs 0OJIbIION CTATUCTUYECKON CyMMOM, 4acTo
3aIlMCHIBAEMOIl B BUJIE

Q
Z =exp—-—,
T
rac Q ecth TepMOHI/IHaMI/IquKI/Iﬁ noreHuual, 3aBUCAILINN OT MNEPEMECHHBIX
Q(V,T,u)=(E)-u(N)-TS (6.70)

Y UMEIOIIHI B COCTOSIHUM paBHOBECHSI MUHUMalbHOE 3HadeHue. K pacnpenenenuto (6.69)Hamo
OTHOCHUTCS CIEIYIOMNUM 00pa3oM. OTHOCHTEIbHAS BEPOSITHOCTh COCTOSIHUSI CHCTEMBI C

onpeeneHHbIM yncioM yactul, N M onpefiesieHHOM sHepruen E ects

W, = exp% . (6.71)

Wtak, 1uis npiMeHeHHsI TPSIMOTO BapUallMOHHOTO NMPUHIIMIIA B CITy4ae KOHEUHBIX TeMIepaTyp
MBI JIOJKHBI MUHUMU3UPOBATh HE CPEIHIOI0 SHEPTHUIO <H > = <H - ,uN> , a Q morennuan (6.70).

HauHeM c BBIYMCIICHHS CpEIHEH SHEPTUH. ByieM 3amuceiBaTh BO3MOYKHBIE COCTOSIHHSI CHCTEMBI
B 0003HaueHusX (6.61)

|WS>=ﬂgl7kj(nj)|O>, 20e n,=0,1,23 (6.72)
I
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O603HAYMM BEPOATHOCTH COCTOSIHUS (J, (r‘lj )|O> Kak P (nj ) . Toraa BeposATHOCTB COCTOSAHUS
J J

tumna (6.72)0yner |_| Ff(j (n) TIPU YCIIOBUH, YTO CyMMa BCEX BEPOSITHOCTEH sl roboro K
j

I

Z P (n) =1. Tenepb BBIYUCIIIEM CPEIHIOI YHEPTHUIO <H >

- 3 1R, 0)| Zletk) s, ()-E T ()] 679

n,ny... I,mODL

rae koopduumentsi § (N ).t (n) Osum onpenenenst panee (6.63)npu omucannu
BO30YXJICHHBIX COCTOSIHUHN. Pa3o0beM cyMMBI 110 |, M B KBafpaTHBIX CKOOKAX Ha OT/EIbHbIC
cymmel o K, ,K . 1 n,n, u3anumem (6.73)B Buae

(H)=2 2 qu(ni);a.(”)(g(kl)_ﬂ)i.(nl)_

I n,ny... j#
o . (6.74)
- 2 2[R (M) XR ()R, (M), (N5, (n,)
I,mODL ny,ny....  j#l,m Ny
n#n N,
Ho
nlnz....] ” ” -
n#n
M aHAJIOTUYHO
nl; j|¢T|m ( ) ]Dmnzp ( ) ]|¢T|m -
nEn o, :

U B pesynbrare (6. 74)1‘IpeBpaH_IaeTCH B IPOCTOEC BBIPAKEHHUE
(H) =X 2R, (M[e(k)-#]s, (n) ) o2 2R ()R, (), (0t (n). (6.75)
I,m ng,ny

AHaHOFI/IIIHO HOquaeM JJIS CpeI[HeI‘O qyucJia 4aCTulj
(N) ZZP [5 ,u]skl (n). (6.76)

Tenepb, JJIs1 TOTO 4TOOBI 3aBCPUIUTH BBIYHCIICHUEC Q MNOoTCHIMaJla HaM H€O6XOI[I/IMO BBIPAXKCHUC
IJIL SBHTPOIIHMH, KOTOPOC €CTh CPEAHEC OT HOFapI/I(bMa MaTpulbl IJIOTHOCTH

S=—k,Tr{pInp} =—k; > > R (n)InR (n). (6.77)

Temnepr MBI IMeeM Bce cocTaBistomue s { MOTeHIMaa, KOTOPBI HaM He00X0 MO
MUHUMM3UPOBaTh. HaliieM siBHbIE BbIpaXKeHUs A7l BeposTHocTel B, (n) . [Tonoxum, uro f,

€CTh BEPOSTHOCTH TOT'O, YTO cocTosiHue K B0O30Y)aeHOo. Torma BEposSTHOCTh TOTO, YTO Tapa
cocrostuuii K,—K He Bo30yK/IeHa eCTh

R(0)=(1-1)". (6.78)
BeposTHOCTh TOTO, 4TO OJJHO COCTOsIHME K BO30OYX/IEHO, a Ipyroe HeT, paBHa
R(2)=R(3)=f (1-1). (6.79)
A BepOSTHOCTb TOTO, UTO 002 COCTOSIHUS BO30YK/I€HbI €CTh
R (1)=f2. (6.80)

Bcnomunas Beipaxkenus st St (6.63)Bbinuimem ux 31ech
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s.(0)=2¢, t(0=vy
s@=20,  t()=-vy, (6.81)
s(2)=5(3=1 t(2=t(3=0
Teneps BbIpa3uM CPeHIOO SHEPTHIO, YHCIIO YaCTUI U TS vepe3 3T nepeMeHHsle U f, , yurs

YCIOBUS HOPMUPOBKM U +V,> =1. Jls cpeneii sHepruu GyjeM UMeTh

(HY) =%2[£(k1)—,u]{(1— 2f, )\ + fkl} -

(6.82)
_3 > uklvqu(zw(z(l— 2fk1)(1— 2fk2) :
ky.k,00DL
IS CpeHHeFO qHuciia yacTuil
<N>:ZZ{(1— 26, V2 + fkl}, (6.83)

ky

U JUTsl IpU3BEeHUs TS

TS=-k,TY > R (n)InR (n)=-28"> " f Inf +(1-f )In(1-f,), (6.84)

IJie Mbl BOCTIONB30BANMCH CTaHAApTHBIM 0603Hauenrem [~ =K, T . Tenepb y Hac ecThb Bes
nHpopMalys, 4To0bl MUHUMHU3HPOBATh ) MOTEHIMAN, U HATH BapHUallMOHHBIE TTapaMeTPhbl
U, ( /,1) ' Vi ( /,1), f, ( /,1) KaK (YHKLIHMU XUMHYECKOTO noTeHuuaita. CaM XMMUYECKUIA MOTEHIIUAT

OyneT HaiiJicH U3 yCIIOBHsI PaBEHCTBA YMCIIa YACTHIl B CUCTEME CpeiHeMy 3HaueHHo (6.83).
[TpuctynuM K BBIYMCICHHSIM. BbraucisieM cHavalia pou3BOIHYIO 110 V, .

0 _o(H) _ _

o, oV
, ; (6.85)

u
ae()- 1y, __g[uk oy _kj Sy (1-2( ) (-2 )
Vv aVk k,ODL
OTKy,Z[a BHUJHO, YTO €CJIM Mbl BBCJICM HOBOC onpeﬂeneHHe JJIA HapaMeTpa HOpHI[Ka A
=3 3y (1-2f, ), (6.86)

k,00DL
TO YpaBHEHHS I U, ,V, CTaHYT TOXKJIECTBEHHBIMHU CO CITydaeM HyleBoi Temrepatypsl (6.43).

Takum o6pa3om Bce Beipaxkenusi ¢ (6.43)mo (6.48)coxpaHsTcs, HO Y)Ke ¢ HOBBIM BBIPOKCHUEM
JUISL ILENH.
Tenepp BBIUMCINM TPOU3BOJHYIO OT <H > no ¢gynkuu pacrnpexnencaus f, .

0 __0(H)_oTs_

of, of, of, (6.87)
2[e(k)-u][1-2¢ |+ 490y, Youv,(r2)+r B Itk
\ k,ODL 1-f,
Pewast aTo ypaBHeHue, HailieM, 4To
L (6.88)

1€ MBI OIpeneIesin E(k) KaK
E(k)=[e(k)-u][1-2¢ |+ 244, (6.89)

YTO COBIIAJAECT C paHee BBEACHHOU dHeprueil kBasuuacTuil (6.64)u (6.65)
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E, = (e(k)- ) +2° (6.90)

TOJIBKO Y’K€ C HOBBIM 3HAaY€HUEM IapameTpa nopsjaka. Ha ocHoBaHMM 3TOT0 pe3ysbTrara MOKHO
BBICKA3aTh 00lIee YTBEPKICHHE, KaK ONPEIEINTb SHEPTUI0 KBa3UYacTHLl. DHEPrus KBa3u4acTuLl
MPOIOLMOHAIbHA BapUallMOHHON NPOU3BOAHOM CpeHel sHepruu no GyHKIUU pacipeneneHus
o(H'
26, =20
of,

Tenepb ocTanoch HATH XUMUYESCKUI MOTEHIMAN U3 YCIBOBHS JIsl yncina yactull (6.83).
3ameTuMm, mpexie Bcero, uro GyHkiws pacnpeaenenus (6.88)ects uetHas GpyHKIus
nepeMeHHoN & =& — (/. 3amnuIiieM Terepb COOTHOIICHHE /IS YHCIIa YacTull, pa3ouB 001acTh

CyMMHpOBaHus Ha o6aacTu 110 JlebaeBckoro ciosi, BHyTpHU Ae0aeBCKOTO CII0S U CHAPYXKHU. YUTH,

1%

4TO 710 NeGaeBckoro cios V, =1, Bbiuie Hero V, =0, a BHYTpH , Tie GyHKIus

X, OTIpeliensieTcsl cTapbiM BeipaxkeHueM (6.48) , momyuaem

<N>:2;{(1— 26 )2 + £}
=2> (1-f)+2> {(1— 2f) } 2> {( ) 2} D f,=  (6.91)

k<DL kODL kODL k>DL
22(1—fk)+21—22{(1— ) }+ 51,
k<DL kODL kODL k>DL

Ecnu Mbl npeHeOpeskeM MepeMeHHOCThIO JIEKTPOHHOM TNIOTHOCTU COCTOSIHUIM B 1e6aeBCKOM
CII0€, YYNTHIBas YeTHOCTh DYHIIMU pacpenerneHuss f ¥ HEUeTHOCTh X, IO MepeMeHHON

& = &— [ MBI cMOXKeM HanucaTh ypaBHeHue (6.91)B Bune

(N)=2> (1- f)+2z f —Zng, (6.92)

k </1
Trac fk = [expﬂ|£ - /J| + ];|_ q)YHKIII/ISI pacrpeacICHUA KBasudacTul 3a npeacjiaMu I[e6aeBCKOFO

-1
cios, a g, = [exp,B (5 - /J) + 1] - hyHKUUMS pacnpeaenieHust IEKTPOHOB B HOPMaIbHOM (epMHu-
ra3e. Takum 06pa3oM, Mbl OJYYUIIH, YTO CBEPXITPOBOSAIINN MTEPEX0/] HE BEAET K N3MEHEHHUIO
XMUMHUYECKOTO MOTEHIIMAaJa 10 CPABHEHUIO C HOPMAIIbHBIM (DepPMU Ta30M, C TOYHOCTHIO O(A/ /,1).

7.9 [lNoeedeHue wenu e 3asucumMocmu om memrepamypbl

[ToxcTBaBHB BBIpakeHus s U, ,V, , f, B ypaBHeHue st menu (6.86),Mbl osrydaum

A(1-2f
r=3%uy (1-21)=2 ¥ @-26) .9 S Stanh  (6.93)
VX ZVKDDL\/I:E(k)_,uT"'Az Z\/kDDLEk 2r
3areMm, Kak u pasblie, B (6.14),BBeieM IIOTHOCTh COCTOSIHUN HA €AMHUILY 00beMa U Mmepeniem
OT CyMMHUPOBAHUsI K UHTETPUPOBAHUIO TI0 SHEPTUH TI0 TIPABUITY ZZ :VIV(S)dS , IOJTY9HUM
k

ypaBHEHUE JIs MapaMeTpa Nopsiika
2 "1 &2+ N2
QV—(,U) B l‘ \/ &+ N\?
npu T — O 3T0 BeIpaXKeHHE s 1ien TepexoauT B (6.49),co0TBETCTBYONICE HYITIO

TeMIIepaTypbl. DTO ypaBHEHUE OINpeAeiseT 3aBUCUMOCTD 1ied A Kak HeIBHYIO () yHKIUIO
TEeMIIEPaTypbl

(6.94)
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7.9.1 OnpepeneHne KPUTUYECKON TeMnepaTypbl

Jli1st onipeiesieHust KpUTUUYECKOM TeMIepaTyphl, MPU KOTOPOH 111el1b 00palaeTcsi B HOJIb,
moJiokuM B (6.94) A =0 u Toraa noay4um

hap

2= [ Lannt = p2heY thy In1. 11’— (6.95)
ov(g) o & 2T

rne y=expC=1.7& U y u C Ha3pIBaOTCS MOCTOSHHBIMU 9Hnepa. U3 (6.95)Haitnem

3Ha4YECHUE KPUTHUECKON TEMIIEpaTyphl

2y 2
T =—n -—. 6.96

BcnomuHas 3HaYeHue 11eu npy HysieBoi temmeparype (6.50)

A =20 p{gi(#)}

MbI BUAWUM, UTO KpUTHUYCCKasd TEMIIEpaTypa U 3HAUCHUC IICJINU B HYJIC TOUHO IMPOMNOPHHUOHATIBHBI
2A(0) _ 2m

~3.527. (6.97)
T y

7.9.2 NMoBeaeHue B6IN3N HyneBou TemneparTypbl

HccnenyeM cHavana OKpeCTHOCTb HyneBoﬁ TeMHepaTprI [Tepenuuiem ypaBHenue (6.94)B Bune

@ [ 2
j e _ j 1- tanhfi (6.98)
o &+ QV(ﬂ) \/5 +1?
1, BOCIIOJI30BaBIINCH onpesieacHreM (6.49)1ienu mpu HylIeBOH TeMIlepaType
Arsh hap _ 2
A(0) gv(u)

NnepenrmeM ypaBHECHUC JId IICJIU B BUJIC

hag, 2 2
Arsh/'%b__ arsp1b — [ L{l— tanhLz;rA}

A(T) a(0) o e ea?

U, 3aTE€M, y4Ts MaJOCTh napamerpa A(T) < i, ¥ BOCTIOIB30BaBUIMCH TPUOIINKEHHBIM
hay n 2hay,

A(T) A(T)

paBeHcTBoM Arsh nepenuiieM ypaBHenue s menu (6.98)B Buze

{1—tanh7"5;_+A2} - o (éj (6.99)

T

T

I'Jie Mbl IPOJUTHIIN BEPXHUH Mpesien J0 OECKOHEUHOCTH, TaK KaK MHTErpaj B IPaBOM YacTH yxKe
cxoaurcs. QyHKIUS B IPABOW 4acTU onpeﬂeHeHa Kak

1
j\/ _iexpxﬁj (6.100)

A
TJie epeMeHHas HHTErPUPOBAHHS ONpeieleHa Kak ZA =4/&° + A%, a x= —

Pasnaras (6.100)B psij 1o MaioMy nmapamerpy exp{—xz} , IOJTY4IUM
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_ Ti (1) exp{ -} — (6.101)

1 n=1

B noapHTErpasbHOM BBIPaKEHUH MOYKHO Y3HATh MHTETPAIbHOE MPEACTaBICHUE HYJICBON
¢dbyHkuMM MakaoHalbia, OnpeIeICHHON KakK

Ko(x)zjl‘exp{—xz}\/zdzi_l,

u pesyabtar (6.101)MoxkeT ObITh MPEACTABIICH KaK

0

f(x)=>(-2)"" K, (nx). (6.102)

n=1

[Tpu Gonpmux X s pyHknuu MakaoHanbaa CipaBeIinBa aCUMITOTHKA

Ko (X) ~ \/gexp{ -x}

OTKyJa, mpeHeOperas wieHaMu ¢ N >1 HaiiJleM aCUMOTOTUYECKOE MTOBEICHUE 111e/IU IPU HU3KUX
TeMIlepaTypax

A0
A(T)=4(0) —[ZITA(O)T]% exp{—¥} (6.103)
OTa 3aBUCUMOCTh €CTh CJICACTBUEC TOT'O, UTO LIC]Ib MCHACTCA M3-3a NPUCYTCTBUS KBa3NU4aCTHULI, a

A(O
X KOJIMYCCTBO IIPU HU3KUX TEMIICpATypax 3KCIIOHCHINAJIbHO MaJIO nq ~ exp{—¥ .

7.9.3 MNoBeaeHue wWenu B6QIN3N KPUTUHECKON TeMnepaTypbl
Jlns uccrenoBaHus MOBEICHHUS 1LIEIU B OerCTHOCTI/I KPUTUUYECKOW TEMIIepaTypsl 3alulIeM

¢

ypaBHeHHe 11 1enu (6.94) 1o6aBUB U BBIUTS I d¢ tanh— a IMEHHO B BUJIE

o

hwo 2 4 A2
I tanh— I tanhi 1 tan..g A

NGRS

MBI PaclpoCTPAHUIN MPEesl MHTErPTPOBaHUS B PAaBOM YacTH 10 OECKOHEYHOCTH U3-3a

dé (6.104)

CXOJMMOCTH MHTETpaia. YUUThIBas, YTO MHTETPaIl B JICBOM yacT yxe ObuT B3SIT (6.95),MbI
MO>KEM 3aIKcaTh UCXO/Isl U3 TIOJy9eHHOTO paHee pesynbraTa (6.95)cnenyromiee BeIpaxeHne

0

1 g(2+A2
j{ ta nh2T NI tank™>— }df (6.105)

A y
3)1er NEpEMECHHAas ? €CTb MaJIbIM IMapaMETpP U Mbl MOKEM UCIIOJIb30BaTh Pa3jIOKCHHUC 110 HEMY.

Cpasy pasnoxuTh 1o A Henb3sl, TOCKONBKY B 001acTu uaTerpupoBanus A/E He Manblii

napametp. [losToMy moctynum mno-apyromy. Bocrnonbyemcst popMymoit utsi pa3iioKeHus

FI/IHep6OHI/IquKOFO TaHI'€HCa 110 I10JIF0oCaM
-1

X 4x 2

anh—=— 2+ ) +x 6.106

> =2 O[( ¥+ (6.106)
[Tpumenus 3ty dhopmyny, u BBeas nepemennbie ¢ = 2Ty A = Z[Z MbI OJTy4UM BBIpRKCHHE
-1 2 2\
RS AR ., Ay +7)

~=— 2n+1 - xn+) +——-—1 6.107

T j Zo[ 772 } nz_(;[( ]) 7 y ( )
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2 2
KOTOPOE YK€ MOXKHO Pas3okKUTh Mo A° ~ Z° Tak KaK MaJbIM IapaMeTPOM yXKe SIBISIETCS
2 2 2
AN < (2n + 1) 77°T ?. BBINOTHUB Pa3okeHNe C TOUHOCTHIO 10 WIeHOB A’ 1 B3AB MHTETpAI 10

dé Ml omyunm

In% =%T{i[(2n+1)2 +%2T —i{( n+19)° +#T}dy =

o | n=0 n=0
T, 3227 dy 322 T du 275 du
ln?_ 4,[2 _773,[2 5 2_773,[2 5 2
T %n=0 (2n+1)° LAY on=0( (2n+1) +4u2) on=0( (2n+1)
n+1)°+ T s
v 4

Tenepb Bo3bMeM HHTErpal IO dU M TTOTyIUM

27° % du _ a7

Jre 5 2 = 3"

o (2n+1) o 7 (2n+1)
4
Bo3sBpaiasice k cTapbM nepeMeHHbIM
T, _ 47 N & 1
Inc = . (6.109)
T nZ(;(Zn+1) ;72T2n2:(;(2n+])3
Tenepb HaZO BBIUUCIUTD CYMMY
! 7Z (3) . =1.051799791

n=0 (2n + 1)

Y OKOHYATEJILHO TI0JTy4aeM ypaBHEHHE
T _4 2 1 A 7{(3 2
z = (3 B .1 os179979¢ (6.110)

S Y B G
3 2 2
T 772 n=0 (2n + 1) 8
Beenst nepemennyto 7 =T_—T U pasioKuB JEBYIO YacTh 110 HTOMY [aPaMeTPy, MOTyduM
ACHMMIITOTHYECKOE TIOBEICHHUE LIENU BOIM3HM KPUTHUECKOM TEMIIEPATypPbI

A=3.06/T,(T,-T). (6.111)

KaudectBeHHO rpadvk 3aBUCMMOCTH LIEIH OT TEMIIEPATypbl BO BCEM AHANa3zoHe TEMIEpaTyp
n300pakeH Ha pUCYHKE

v

2 g

T. T

PucyHok. 3aBUCHUMOCTB CBEPXPIPOBOAALICH IIEN OT TEMIIEPATYPhI

1



7.10 Memoo npeobpa3osaHusi bozonoboea

B aTOM paznerne Mbl U37105KUM 00Jiee COBPEMEHHBIN MOAX0[ K 3a/1a4e CBEPXIPOBOIUMOCTH,
NOSIBUBLIMICS B paboTax cCOBETCKOro yueHoro boromnto6oBa, npuGIn3UTENbHO HA ACCATD JIET
panblie padot bapnuna-Kynepa-1llpuddepa. Paccmorpim ucxoaublii ramunbToHuaH (6.34)

ﬁ':Z(f(k)‘#)ai,sak,s-gzafk,la{mak,ra g
ks DL

¥ TIOCTapaeMcsl €ro TMaroHajaIu30BaTh C MOMOIIBIO, TaK Ha3bIBAEMOT0 IpeoOpa3oBaHus
boronto6oBa, uHoraa, B 3apy0ekHOM TUTEpaType, Ha3bIBAeMOTo NMpeoOpa3zoBaHUEM
Bboronto6oBa-BanaTtuHa 1 UX 3pMUTOBBIMU COTIPSHKEHHBIMU

+

—_ + = +
ak,s_wak,s+\4<a—k,—s, a—k ,—s_q<a—k ,—s_\(ak,s’
+ + — +
ak,s_u(ak,s-'-\{(a—k,—s’ a—k,—s_q(a-k ,—s_\(ak,s,

I/IMHYHLC MU CIIMH OCTaroTCA ONPEACICHHBIMH IIPpU ITUX npeo6pa3013aHI/1ﬂx, aMIUIMTyabl U,V

(6.112)

noJiaraeM AeMCTBUTEIbLHBIMU
Buano, uto B 311 peoOpa3zoBaHus ONepaTOPhbl POXKACHUS U YHUUTOKECHUS, BXOJISAT MapamH,

HasbIBacMble mapamu Hamoy, 8, ., &', < &, .,0~, _, .1 NX )PMHUTOBBIMH COTPSDKCHHBIMH.

Pazpemnm ux B 00paTHyI0 CTOPOHY
+ —_ 2 2 + — 2 2 +
ukak,s_vka—k,—s _(uk +Vk)ak,s’ Vkak,r +uka—k,—s _(uk +Vk)a—k,—s’ (6113)

H06aBI/IB, CCTCCTBCHHO, UX 5PMUTOBO COIPAKCHHBIC U BLIYUCIIMM KOMMYTAllMOHHLIC
COOTHOICHUA MEXKAY BCEMU BO3MOKXHBIMHU KOMUHALIUSMHA
+ — 2 2 . — N- + + —
{akl,sla_k,_s} = (uk +vk)5_k’k15_s,51, {aklysla_k,_s} =0, {ak s T ,_s} =0. (6.114)
YTO MBI BUIUM, YTO IIPH YCIOBUU u,f + sz =1 KOMMYTallMOHHbIE COOTHOLICHUSI OCTAOTCS

(epMHOHHBIMH, U HOBBIE OTIEPATOPBI UTPAIOT POJIb ONIEPATOPOB POKIACHUS U YHUUTOKCHUS
HEKOTOPBIX KBa3nyacTull. OUrypHbIMU cCKOOKaMu 0003Hau€Hbl aHTUKOMMYTaTOPBI
COOTBETCTBYIOILIUX ornepaTtopoB. [lonbepeM 3TH QpyHKLKH, YTOOBI AMATOHATIU30BATh
ramuiibToHUaH (6.34),He mpemnonaras moka, Y4eMy paBHbI CPEJJHUE OT HOBBIX OIEPaTOPOB.

3aMmeHsist oriepartopsl a,a" , oreparopamMu @,Q" 1o npasuiaam (6.112)npuaem K BEIpaKEHHIO
g ramuibToHoMaHa H'=H — /N B HOBBIX 60T0/1I000BCKUX
HepPEMEHHBIX

H'=3 (e(k)-u)ala . ‘\%;afk,la{nq,na L=

k,s

;(g(k)_'u)(ukaljm +Vka—k,1)(q<ak,r +\4<ajk,¢,)+;(£(k)_'u)(ukajk,i _Vkak,r)(l&a—k,i _\&al:,r )
_\%;(ukajkri _Vkak,T )(L{(akJrr +\4<a—k,1 )(uk'ak W +\ 'ajk W )(u('a—k " ~\ 'ak+,¢ )

a, Tenepb YCPEIHUM 3TO BBIPOKECHHUE, CUNTAsI, YTO
—_ + + — + —
<ak,sak1,sl> - <ak,sak1,sl> - 01 <ak ,sakl,sl> - r-]k ,35I<,k1 S,S; (6115)

rae QyHKIUS pacrpeIeCHIs] KBa3MUaCTHI] TIOKa OCTAeTCsl HEU3BECTHON. MBI MoTydnM
BBIpAXKECHUE
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(W)= (el )i, +n )+ (2, -]

. (6.116)
‘§7§:WA&H«WU(1‘VEJ"n«J)(l‘er -
DL
MOJIHOCTBIO aHajoruyHoe (6.82),ecimu npeanoaokuM, CAMMETPHIO, & KMEHHO, YTO
n.. =n, = f, . AbTo 3HauuT, 4T0 BapbUpOBaHUE MO V, NPH NOUCKE MMHUMYMa CPEIHEH

OHCPI'uM MpUBCACT K TCM K€ 3HAUCHUAM LICJIIN U KOB(b(i)I/IHI/IeHTOB U,V - A sT0 3HA4YUT, 4TO
MCTOJ KAaHOHHYCCKOI'O Hp606p330BaHI/I${ BCICT K TEM XKE pe3yibraraMm s U, ,V, , 4TO 1 HpHMOﬁ

BapuannoHHeIi MeTo (6.85), (6.86)u1s KoHEUHOM TeMIiepaTypbl. BeipaskeHue s Iesu
0CTaeTCsl HEM3MEHHBIM

_9 n g A1-2f) g« A E
A _V;LII(VK (1 nk,r —k,l ) 2\/ ZD \/I:E ’u] +A2 2\/ kgl_ Ek tanhE ,(6117)

kak ¥ (6.93).01Hako, camu GyHKIIUH PacHpe/ie/ICHUs] OCTAINCH MOKa HEOTPETICHHBIMH.
KoHeuyHO, OHM MOTYT OBITh TOJIYYCHBI TEM K€ MPSMBIM BAPHAIUOHHBIM METOJIOM, YTO M PAaHbIIIE
(6.87)u (6.88),MUHUMHUZUPYST TEPMOAUHAMHYECKUIN MOTEHIIHAT Q , HO MBI, U3 METOAMYECKHX
COO0OpaXEeHU I MOCTYIUM HECKOJIBKO MO-/PYTOMY.

JI1st BBIYMCIICHUSI DHEPTUH KBAa3UYACTHUI, MbI BOCIIOJIb3YyeMCsl HIesiMU (epMHU-KuIKOCTH JlaHaay,
KOTOpasi TJIACUT, YTO SHEPrusl c1aboBOBOYXJAEHHOTO COCTOSIHUSL CUCTEMBI IPECTABIISIET COO0M
CYMMY HEPIUil HE3aBUCHUMBIX KBa3HUYaCTHUI]. JTO 3HAYMT, YTO SHEPTHsl KBA3UYACTHIL €CTh
BapUaIlMOHHAs TPOU3BO/IHASI OT CPEHEH SHEPTHHU 1O (QYHKLUU pacripeeIeHus

JH':;Ek’Tank’T +;E_k’l5n_kvl, (6.118)

IIPY TaKOM OIIPEJIEJICHUN paBHOBECHAs! (QyHKLUS pacnpenencHus Oyner pynkuuein @epmu ot
sweprun E, =E  =E,  Tak, 4ro
1
=n =f =— — 6.119
r1k,T -k, k eXpﬁEk + 1 ( )

Ocranock TOABKO HATU 3HEPruto KBazuuactu E,. Beluncisas BapualMoHHYIO IPOU3BOIHYIO OT

(6.116)monyqaem
c e o)
B T

YTO COBIIAIACT C paHee HalIeHHOM sHepruei kBasuyactull (6.89)u (6.90).Takum o6pasom, 06¢
W3JI0’)KEHHBIC TCOPUH, OJJTHa-OCHOBAaHHAsl Ha IPOOHOH BapuanoHHo# GyHKimu (6.72),Tak 1
apyrasi, Ha npeobpazoBanuu borosrodosa (6.112)coBepiiieHHO 3KBUBAICHTHBI, HO TEOPHS,
OCHOBaHHasl HA KAHOHUYECKOM MPeoOpa30BaHUM BBITJISIIUT 3HAUUTEIBHO MPOIIE, TaK KaK
HEMOCPEACTBEHHO BesieT K hopmyre (6.116),rorna kak BbIBOJ] SKBUBaJICHTHOU GopMyibl (6.82)
C MOMOIIBIO BapHALMOHHBIX QYHKIKK TpeOyeT 6osee anuHHOTO TyTH (6.72)-(6.81).

=W - +20vy =E , (6.120)

7.117pupoda npeobpa3zosaHuii bozonrwboea
Paccmorpum ramunberonnan BKII (6.34)

H'= Z(() H)3 B, s~ gZ_kﬁk 8.8y,

Y IPUMEHUM K HEMY METO]I CaMOCOIIaCOBAaHHOTO TOJIsl, KOTOPBIN 3aKJIFOYAETCS B pacCUEIJICHUN
YETBEPHOr0 MPOU3BEIACHHUS ONEPATOPOB, T.€. B 3anucu ramwibTonnada bKII B Buge

79



I:[é‘f :Z( ( ) ) saks gz< —klak >akr ' \%ga—l ,1@+,r <%’,rak’,i>’(6'121)

k,s
A€ Mbl npeHe6peer CpCaAHUMMU TUIIA <al:r : ak : > , HA3bIBAEMbBIX HOPMAJIbHBIMHU, U YUJIU TOJILKO

AHOMAJIbHBIC CPCAHHUC TUIIA
g - g + +
A__ Z < " a,. ¢> A _vk'§L<a_k'lq<'T>. (6122)

Tornma B aToM HpI/I6J‘II/I)KeHI/II/I ramuinbToHUaH bKIII moxet ObITh 3amrcaH B BUAEC KBaApaTHUHON
(hOopMBI, U €CTECTBEHHO, MOXKET OBITh AMaroHann30BaH. CaMOCOTIaCOBaHHBIN TaMUJIbTOHUAH
BKIII 3anucrIiBaeTcs B BUAE

H Z( ( ) ) Saks A Zak a _Azajk,iakJr,r' (6123)

kODL k ODL

Teneps maBaiiTe npuUBeIEM €ro K AMAroHaJILHOMY BHIY C MIOMOIIbIO MpeoOpa3osanwmii (6.112).B
HOBOM 0Oa3zuce raMuiIbTOHMAaH H ' JOIKEH UMETh BUI

Hleﬁ = Eground + Z Ekak+,sak,s’ (6124)
k,s
YTO MOJKET OBITh 3aIIMCAHO HMHa4c, B Q)OpMe KOMMYTAallUOHHBIX COOTHONIEHHUH
I:H Ie1"f ak,s] = _Ekak 87 I:H Ie1"f q:,s:' = E< q:,s (6125)

[Moncrasnss (6.112)B Beipakenue asist ramuibronnana (6.123)u TpeOys BBIMOTHEHUS YCIOBUR
(6.125)mbI npuaeM K ypaBHeHHIO boroso0oBa,

I:Ek —(e(k)—lu)]uk =4y,
[Ek +(£(k1)—,u)]vk =A'y,

KOTOpPBIE COBMECTHO C YCIOBHSAMU HOPMUPOBKH U + V. = Lonpenensor kosGGunenTsl U, V.

(6.126)

VYcnoBueM pa3peliiMOCTH 3TON CUCTEMBI JaeT PABEHCTBO HYIIO €€ ONPEAEIUTENs], YTO JaeT
3aBUCUMOCTb 3Hepruu E

E? =(e(k)-u)+af, (6.127)

coBmajaroiei ¢ sHeprueii kpasuyactuil (6.120).Takum 06pa3omM ypaBHEHUS U MPEOOpa30BaHUs
boronto6oBa maroT aapTepHATUBHBIN TOIX0/ K 3a7a4aM CBEPXIPOBOAUMOCTH, OoJiee yI0OHbIH,
YeM MPSIMOY BapUaIMOHHBINA MTPUHIIMTI, OCHOBAaHHBIN Ha TPOOHBIX (DYHKIIHUSX.
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